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Abstract. Background: Currently, one of the urgent tasks of mathematical
modeling is the construction of mathematical models that adequately describe
pandemics, in particular, the Covid-19 pandemic. In recent few years, many
studies have been devoted to solving this problem, using various methods and
approaches. Purpose: The paper reveals the characteristic features of the discrete
dynamics of state parameters in the fractal thermodynamics of Covid-19 pande-
mic from 01/22/2020 to 09/21/2022. These features are shown to be useful for
forecasting discrete dynamics of pandemics and analogous processes.
Methods: In recent few years, many studies have been devoted to solving this
problem, using various methods and approaches. In most of these studies, the raw
data is the number of daily diseases ν(t) determined from the approved statistical
data. A fundamentally new approach to the study of ν(t) is implies the use of
fractal and multifractal analysis.
Results: If we approximate the set of all states (Sfi , Tfi) by fractal state equations
Sf = AT γf , then this set turns out to divide into subsets, each most close to a
certain fractal equation of state, determined by parameter γ and A. This gives
rise to a discrete dynamics of fractal phase states, determined by the jumps in
the parameters γ and A. A passage to the limit yields the following asymptotic
fractal equation of state: Sf = 12.143T 0.0147

f . It is shown that the jumps in the
parameters A, γ lead to fractal phase transitions between fractal phase states of
Covid-19 pandemics. An analytic continuation to the forecast period yields the
values of forecast coefficients AIV = 11.7580, γIV = 0.01475.
Conclusions: In this paper the characteristic features of the discrete dynamics
of the fractal thermodynamic state parameters of the Covid-19 pandemic from
01/22/2020 to 09/21/2022 are revealed. It is shown that these features can be
used to predict the discrete dynamics of pandemics and other similar processes.

Keywords: mathematical model, fractal thermodynamics, Covid-19 pandemic,
dominating variant of Covid-19, discrete dynamics
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.1 Introduction

Currently, one of the urgent tasks of mathematical modeling is the construction of
mathematical models that adequately describe pandemics, in particular, the Covid-
19 pandemic. In recent few years, many studies have been devoted to solving this
problem [1–15], using various methods and approaches. In most of these studies,
the raw data is the number of daily diseases ν(t) determined from the approved
statistical data [16]. A fundamentally new approach to the study of is implies the
use of fractal and multifractal analysis [17]. As shown in Refs. [10,11], for the case
of Covid-19 pandemic, the function ν(t) is multifractal with an accuracy better
than 1.5%. Earlier [10, 11], we analyzed ν(t) using the mathematical model of
multifractal dynamics. Here we will apply a new statistical mathematical model of
fractal thermodynamics. Compared to the model of multifractal dynamics, it allows
the analysis of fractal properties of more complex functions ν(t), in particular,
tracing the discrete dynamics of pandemic fractal state parameters. Fundamental
new results in the study of fractal properties of pandemics can be expected on this
way.

The paper is organized as follows. In Section 2, we prove the multifractality of
daily number of diseases ν(t) for the Covid-19 pandemic. Section 3 presents the
basics of the fractal thermodynamics mathematical model. Section 4 is devoted to
modelling the discrete dynamics of the fractal parameters of the state of Covid-19
pandemic in the frameworks of the fractal thermodynamics. Section 5 considers 3D
histograms of Covid-19 quantum phase space, summarizes the results and outlines
the prospects. As initial data, we used the data of world Covid-19 statistics [16]
for the time interval from January 22, 2020 to September 21, 2022.

.2 Fractal properties of the number of daily diseases ν(t) for

the Covid-19 pandemic

Based on the data of world statistics on Covid-19 [16], the function ν(t) of the daily
number of diseases was plotted on the time interval from 01/22/2020 to 09/21/2022
(Fig. 1). The number of diseases is expressed in thousands of persons, the time t is
measured in days.

The plot has a complex structure and can be qualitatively divided into three
large time intervals: TI from January 22, 2020 to September 27, 2020 (green), TII
from September 27, 2020 to December 21, 2021 (blue), and TIII from December 21,
2021 to September 21, 2022 (red).

Let us divide the three large intervals TI , TII , and TIII into nine smaller intervals
Ti, i = 1, 2, ..., 9, as shown in Table 1. The large intervals TI , TII , TIII are unions of
small intervals Ti, namely, TI = T1∪T2, TII = (days 1–250), TII = T3∪T4∪T5∪T6
(days 250–700 (450 days)), and TIII = T7 ∪ T8 ∪ T9 (days 700–974 (274 days)).
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Figure 1: Plot of Covid-19 daily diseases ν(t) from 01/22/2020 to 09/21/2022,

according to the world statistics [16].

Table 1: Division of time intervals.

Interval Days Dates Number of days

T1 1 – 185 January 22, 2020 – July 24, 2020 185

T2 185 – 250 July 24, 2020 – September 27, 2020 65

T3 250 – 391 September 27, 2020 – February 15, 2021 141

T4 391 – 517 February 15, 2021 – June 21, 2021 126

T5 517 – 628 June 21, 2021 – October 10, 2021 111

T6 628 – 700 October 10, 2021 – December 21, 2021 72

T7 700 – 760 December 21, 2021 – February 19, 2022 60

T8 760 – 859 February 19, 2022 – May 29, 2022 99

T9 859 – 974 May 29, 2022 – September 21, 2022 115

Such a division approximately correlates with the domination of Covid-19 vari-
ants [18]:

Alpha: October 2019 to August 2020;

Beta (South African variant): June 2020 to July 2021;

Gamma (Brazilian variant): January 2021 to March 2021;

Delta (Indian variant): December 2020 to November 2021;

Omicron: December 2021 to September 2022.
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Comparing these data with Fig. 1, we can associate the domination of variants
Alpha and Beta with the interval TI , Beta, Gamma, and Delta with the interval
TII , and Omicron with the interval TIII .

Let us show that function ν(t) is multifractal on the set of time intervals Ti. For
this purpose, we evaluate the degree of deviation δi of this function from a fractal
in these intervals [18, 19].

We embed the function ν(t) on the time interval Ti in the Euclidean space
R2 and cover it with R2-cubes with side h. The number of cubes covering the
function ν(t) on the interval Ti is denoted Ni(h). We approximate the function
Ni(h) by the power function N̄i(h) = Γih

−Di . If we choose a sequence of values of
hk, k = 1, 2, . . . , K, then the deviation δi of the functions Ni(h) from N̄i(h) can be
estimated as

δi = max
1≤k≤K

∣∣Ni(hk)− N̄i(hk)
∣∣/N̄i(hk). (1)

If δi = 0, then the function ν(t) on the interval Ti is a strict fractal. In the case
when δi 6= 0, but δi � 1, the function ν(t) will be considered an approximate fractal
with the accuracy δi on the interval Ti. Then the approximation parameters Di and
Γi will be the fractal dimension of the function ν(t) and its D-dimensional fractal
volume on the interval Ti, respectively.

To calculate the parameters Di, Γi, and δi, we developed and implemented
a software package in Maple. The results of calculations using this package for
function ν(t) on time intervals Ti are summarized in Table 2.

Table 2: Calculated fractal parameters for function ν(t).

i Di ln Γi δi
1 1.25833364 7.70217093 0.0203105413198

2 1.30947731 8.01320886 0.0432256670197

3 1.25731099 9.84759722 0.0088491053326

4 1.32155390 9.72026998 0.0345168719067

5 1.43820614 10.01227596 0.0269740830816

6 1.37196424 9.58254051 0.0441383504391

7 1.28275367 11.54414535 0.0408513019061

8 1.25289894 11.34705590 0.0220051023750

9 1.42855976 11.48599502 0.0498193434711

For all time intervals Ti, the value of δi does not exceed 5%. With this accuracy,
the function ν(t) is proved to be multifractal.
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.3 Fractal thermodynamics

From Table 2, the multifractal character of function ν(t) follows, which stimulates
applying the model of fractal thermodynamics [18,19] to its analysis. Let us briefly
formulate its basic ideas and definitions. According to [21], the fractal entropy Sf
of function ν(t) on each time interval Ti is defined as

Sfi = ln Γi. (2)

Since Γi is the fractal volume, it follows that the quantity Sfi characterizes the state
variability in a fractal system.

Along with the fractal entropy Sfi, we will use the fractal temperature Tfi [22]:

Tfi = a

(
1

2−Di

− 1

2

)
. (3)

The interpretation of the fractal temperature Tfi follows from Eq. (3): it is a
function of the fractal dimension Di, which characterizes the structure complexity
of function ν(t) on the time interval Ti. The coefficient a in Eq. (3) for calculating
the fractal temperature Tfi is chosen by reasons of convenience in each particular
case. In the present case, the following universal normalization arises for any value
of the parameter a: Tfi = 0 for Di = 0. Therefore, the scaling factor of the fractal
temperature will be chosen as a = 10. Fractal thermodynamics is aimed to study
macroscopic properties of fractal systems. It is an example of a more general concept
of applying the methods of tropical mathematics to problems of thermodynamics
of various dynamic systems, proposed and developed by V. P. Maslov [22].

Since the fractal parameters Γ and D enter the relation N̄(h) = Γh−D, there
must be a functional dependence between the fractal entropy Sf and fractal tempe-
rature Tf reflecting the structure of the multifractal function ν(t). This functional
dependence can be visually presented by SfTf -diagram, in which the states of a
multifractal system are mapped by points with Cartesian coordinates Sfi and Tfi.

We approximate the set of SfTf -diagram points by power functions

Sf = AT γ
f . (4)

By analogy with classical thermodynamics, Eq. (8) will be referred to as the fractal
equation of state (FES). Parameters γ and A, which specify the FES, will be called
the FES exponent and the pre-power coefficient, respectively.

Upon approximating the set of all states Sfi, Tfi by FESs (8), the set separates
into subsets, each close to a certain FES with specific parameters γ and A. Let us
call each of these subsets a fractal phase state, and a transition of the multifractal
system from one fractal phase state to another a fractal phase transition. The
discrete dynamics of fractal phase states is characterized by jumps in parameters γ
and A.
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Along with Sf and Tf , it is of undoubted interest to introduce the fractal state
parameter Ef , the fractal energy, defined as

Ef =
γ

1 + γ
TfSf =

γ

1 + γ
AT 1+γ

f . (5)

Within the fractal thermodynamics developed here, we will consider the parameters
Sf , Tf , Ef as specifying a fractal thermodynamic state. The discrete dependence
of these parameters on time is the discrete dynamics of the system.

.4 Discrete dynamics of Covid-19 pandemic

fractal parameters

To describe the discrete dynamics of the fractal state parameters, we introduce a
discrete set of time points ti, i = 1, 2, ..., 9:

ti =
i∑

k=1

T 1+γ
f k. (6)

On time intervals 0 ≤ t ≤ T1 (i = 1), ti−1 ≤ t ≤ ti (i ≥ 2) we put δ(ti) = δi,
Sf (ti) = Sfi, and Tf (ti) = Tfi.

Using the data of Table 2, we calculated the parameters δi, Sfi, and Tfi from
Eqs. (2) and (3) at points ti from Eq. (6) and presented them in Table 3. Using the

Table 3: Calculated values of fractal parameters δi, Sfi, Tfi.

i δi Sfi Tfi
1 0.0203105413198 7.70217093 8.48315170

2 0.0432256670197 8.01320886 9.48178342

3 0.0088491053326 9.84759722 8.46458592

4 0.0345168719067 9.72026998 9.73956434

5 0.0269740830816 10.01227596 12.80012334

6 0.0441383504391 9.58254051 10.92266028

7 0.0408513019061 11.54414535 8.94221155

8 0.0220051023750 11.34705590 8.38506995

9 0.0498193434711 11.48599502 12.49964278

data of Table 3, let us plot the functions δ(t), Sf (t), Tf (t) at points ti. In the figures
below, green dots correspond to time interval TI , blue dots to TII , and red dots to
TIII . From Table 3 and Fig. 2, it is seen that the deviation of function ν(t) from a
strict fractal on each of time intervals Ti satisfies the inequality 0.0088 < δ < 0.0498.
This fact testifies for the multifractal nature of the number of daily diseases function
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Figure 2: Discrete values of function δ(ti).

Figure 3: Discrete values of fractal entropy Sf (ti).

ν(t) during the Covid-19 pandemic period from 22/01/2020 to 21/09/2022. Fig. 3
illustrates the dependence of fractal entropy Sf (t) of the number of daily diseases
ν(t) within the studied time interval. From Fig. 3, we see that the function Sf (t)
is close to linear in three domains of the (t, Sf )-plane on each of the selected time
intervals TI , TII , TIII .

The fractal temperature Tf as a function of time (Fig. 4) demonstrates two
regions of oscillatory behavior with periods of 391 and 468 days. The oscillation
amplitudes amount to 1.017 and 4.415, respectively.
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Figure 4: Discrete values of fractal temperature Tfi.

Figure 5: 3D diagram of time dependences Sfi and Tfi.

The plots of discrete functions Sfi and Tfi shown in Figs. 3 and 4 can be com-
bined in a single discrete 3D diagram (Fig. 5). Fig. 5 shows the projections of the
discrete fractal state parameters Sf and Tf on the coordinate axes, which allows
presenting their discrete dynamics in a simple and visual form.
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Using the data of Table 3 it is possible to construct fractal diagrams of states
(FES curves) of Covid-19 pandemic in the time interval under study.

Figure 6: Discrete fractal diagrams of state (FES curves) for COVID-19 pandemic.

In Fig. 6, the green curve corresponds to the time interval TI , blue to TII , red to
TIII , and black to the forecasted interval TIV . Each of the first three curves describes
the corresponding fractal phase state. In this case, three fractal phase states of the
Covid-19 pandemic arise during the time from 22/01/2020 to 21/09/2022. The
fourth one is forecasted.

The fitted values of FES parameters Am, γm (m being the interval number),
corresponding to three curves in Fig. 6, are presented in Table 4. From the data of

Table 4: FES approximating parameters Am, γm.

m Am γm
I 3.59997697725635 0.355727592986924

II 9.10162859574631 0.031155925132403

III 11.0605428390201 0.015506936570120
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Table 4, a monotonic decrease in the FES exponent γm and increase in pre-power
coefficient Am is seen upon an increase in m. The following relations between the
coefficients Am, γm are observed for m = 1:

Am+2 = 1.356Am+1 − 0.356Am, γm+2 = 1.0482γm+1 − 0.0482γm. (7)

To extend A and γ over the forecasted interval TIV (m = IV ), we assume that
Eq. (7) are valid for further values of m and get AIV = 11.7580, γIV = 0.01475,
based on which the black forecasted curve in Fig. 6 is drawn.

As follows from Eq. (7), the descending sequence γm is converging and its limit
equals 0.0147. In contrast to the sequence γm, the sequence Am is ascending and
its limit equals 12.143. Hence, the asymptotic fractal equation of state takes the
form:

Sf = 12.143T 0.0147
f . (8)

The jumps in parameters Am and γm of FES Sf = AT γ
f indicate fractal phase

transitions between the fractal phase states of the Covid-19 pandemic process. The
decrease in the value of Am and γm jumps when proceeding from interval Tm to
interval Tm+1 indicates a decrease in the intensity of fractal phase transitions with
time and stabilization of fractal phase states of the Covid-19 pandemic state.

.5 3D histograms of Covid-19 quantum phase space (QPS)

Consider the pandemic dynamics in the 2D phase space (ν, a), where, as above,
ν [thousand people/day] is the number of daily diseases (’speed’), a [thousand
people/day2] is the change rate of the number of daily diseases (’acceleration’),
n is the occupation number (the number of repeated pairs ν and a). The pair
(ν(t), a(t)) describes the phase trajectory of pandemic in the phase space. Functi-
ons ν(t), a(t) (the state variables of the Covid-19 dynamics) are quantized with
step h [18, 19], thus making the phase space quantized into discrete cells. In the
process of motion, the phase state point occupies different cells of the phase space
with different probability, which is evaluated by the occupation number (number of
visits) n. Thus, the pandemic process can be presented by a state point travelling
from one cell to another, while the phase trajectory as a whole can be described
by the dependence of n upon (ν, a) - the 3D histogram. Both representations can
be considered to illustrate the ’difference in complexity’ underlying the fractal en-
tropy. Animations of phase point motion in the QPS and 3D histograms of the
phase trajectories were obtained based on the statistics of Covid-19 for the entire
world, Russia, the USA, and China during the time from the pandemic beginning
to 06/02/2022 (Figs. 7– 9). We use dimensionless values of ν and a. For each case
we introduce a threshold value a = al, where l = 1 for the world, l = 2 for Russia,
l = 3 for the USA, l = 4 for China. For clarity, the states with |a| < al are shown
in green, a > al in red, and a < −al in blue. Based on the statistical data, we have
chosen a1 = 250, a2 = 2, a3 = 200, a4 = 0.5.
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(a) (b)

(c) (d) (e)

Figure 7: Animation of phase point motion (a), 3D QPS Covid-19 histogram (b)

and its projections on the coordinate planes νa (c), νn (d), an (e) for the world.

The quantization step h = 5.

(a)
(b)
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(c) (d) (e)

Figure 8: Animation of phase point motion (a), 3D QPS Covid-19 histogram (b)

and its projections on the coordinate planes νa (c), νn (d), an (e) for Russia. The

quantization step h = 0.2.

(a) (b)

(c) (d) (e)

Figure 9: Animation of phase point motion (a), 3D QPS Covid-19 histogram (b)

and its projections on the coordinate planes νa (c), νn (d), an (e) for the USA.

The quantization step h = 5.
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Figs. 7b– 10b demonstrate compact regions of the phase trajectory thickening,
inside which the phase point stays much longer than in other regions. These areas
play the role of attractors in the Covid-19 quantum phase space.

(a) (b)

(c) (d) (e)

Figure 10: Animation of phase point motion (a), 3D QPS Covid-19 histogram (b)

and its projections on the coordinate planes νa (c), νn (d), an (e) for China. The

quantization step h = 0.1.

Table 5: Covid-19 QPS Fractal dimension Dl and fractal entropy Sl for the world

and selected countries.

l Country Dl Sl
1 World 1.1842 11.4124

2 Russia 1.2191 5.8252

3 USA 1.2384 10.5161

4 China 1.0422 4.3880

We also calculated the values of fractal dimension Dl and fractal entropy Sl in
the QPS of Covid-19 for the countries considered (see Table 5). In spite of close
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values of the fractal dimension for all cases, the values of fractal entropy strongly
differ between the pair world – USA, on the one hand, and the pair Russia – China,
on the other hand. Visible correlation of this observation with the difference in
the phase point behavior and 3D histograms again testifies for the reasonability of
fractal thermodynamic approach.

.6 Conclusion

Based on the Covid-19 world statistical data, three-time intervals are distinguis-
hed, qualitatively differing by the structure of function ν(t) describing the daily
number of diseases. These time intervals are shown to correlate with the domina-
tion of particular variants of Covid virus. Earlier, using the standard technique of
fractal analysis implemented by us in a Maple software package, we approved the
multifractality of function ν(t) with accuracy not worse than 5% in the time inter-
val considered. In this paper, we develop the fractal approach to characterize the
Covid-19 pandemic macroscopically by using the fractal thermodynamics model.
Within this model, we calculated the fractal entropy Sf (t) and fractal temperature
Tf (t) at discrete time points ti (Table 3), which determine the discrete temporal
behavior of the fractal parameters of state of Covid-19 pandemic, clearly visuali-
zed in Figs. 3– 5. Based on the data of Table 3, we plotted in Figs. 6 discrete
fractal diagrams of state and three FES curves for the Covid-19 pandemic on the
time interval considered. Each of the curves corresponds to a fractal phase state of
Covid-19 pandemic. The FES approximation parameters Am and γm (m being the
interval number) are summarized in Table 4, from which it follows that the FES
exponent γm monotonically decreases and the pre-power coefficient Am increases
upon proceeding from the previous time interval Tm to the next one. Sequential
values of the approximation parameters Am and γm are found to satisfy recurrence
relations Eq. (7), continuing which over the forecast interval TIV (m = IV ) we find
the predicted parameters AIV = 11.7580, γIV = 0.01475 used to draw the forecast
curve in Fig. 6.

In the limit m → ∞, we find the asymptotic fractal equation Eq. (8) of state
Sf = 12.143T 0.0147

f .

The jumps in the FES fractal parameters Am and γm can be interpreted as
fractal phase transitions between fractal phase states of the Covid-19 pandemic
process. For practical purposes, it is possible to use the FES index, which corre-
sponds to a certain state of the system, each state having its own curve in Fig. 6.
Each curve corresponds to the disease incidence in the period, when a certain va-
riant of Covid-19 dominated. The phase transition indicates the beginning of the
dominance of a new strain. A decrease in the jumps of the parameters Am and γm
upon proceeding from Tm to Tm+1 indicates a decrease in the intensity of fractal
phase transitions with time and stabilization of fractal phase states of the Covid-19
pandemic process.
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Animations of phase point motion in the quantum phase space (QPS) and 3D
histograms of the phase trajectories were obtained based on the official statistics of
Covid-19 for the world, Russia, the USA, and China from beginning of the pandemic
to 06/02/2022 (Figs. 7– 10) and the corresponding values of fractal dimension Dl

and fractal entropy Sl in the QPS of Covid-19 were also calculated and shown in
Table 5. One can see that in spite of close values of the fractal dimension for all
cases, the values of fractal entropy strongly differ between the pairs world – USA
and Russia – China, correlating with the apparent difference in the phase point
behavior and 3D histograms, which again testifies for the reasonability of fractal
thermodynamic approach.

Thus, the characteristic features of the discrete dynamics of the fractal thermo-
dynamic state parameters of the Covid-19 pandemic from 01/22/2020 to 09/21/2022
are revealed. It is shown that these features can be used to predict the discrete
dynamics of pandemics and other similar processes.
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