http://mmg.tversu.ru ISSN 2311-1275

Mathematical Modelling
and Geometry

MMG

Volume 10, No 1, pp.1-30 (2022)  doi:10.26456/mmg/2022-1011

3N potentials in the Faddeev coordinate space
approach to Nd scattering

M.A. Braun', V.M. Suslov?, I. Filikhin?“, and B. Vlahovic?

1 Dep. of High Energy physics, Saint Petersburg State University, 198504 St. Petersburg, Russia
2 CREST, North Carolina Central University, Durham, NC 27707, USA

e-mail: ¢ ifilikhin@nccu.edu

Received 18 February 2022. Published 8 March 2022.

Abstract. For studying 3N bound states and Nd scattering, the Tucson-
Melbourne (TM) and Urbana 3N forces have been derived from the chiral EFT
in the momentum representation. The Faddeev equations in configuration space
have attractive properties when applied for nd and pd scattering above the two-
body threshold. For that reason, we derived components of the TM 3N potential
in the coordinate representation.

Keywords: nucleon-nucleon interactions, Faddeev equations, three-nucleon force

This work is supported by the National Science Foundation grant HRD-1345219 and
Department of Energy/National Nuclear Security Administration Award NA0003979

(© The author(s) 2022. Published by Tver State University, Tver, Russia


https://doi.org/10.26456/mmg/2022-1011

92 M.A. Braun et al

1. Introduction

Most compellingly the need for the 3N forces comes from the underbinding of light
nuclei [1, 2]. Also certain discrepancies exist in Nd scattering observables: the
notorious A,-puzzle for the analyzing power. The differential cross-sections tensor-
analyzing powers and spin-transfer coefficients are rather well described at low
energies using solely 2N forces. However the results of these calculations start to
deviate from the data as the energy increases [3].

Phenomenological 2N potential models include the CD-Bonn2000, Argonne V-
18 (AV18) and Nijmegen I and II potentials [4]. The 3N forces are represented
by the Tucson-Melbourne potential and its chirally-corrected version (TM99) [5],
Brazilian potential [6], Urbana IX potential [7, 8] and and Illinois potentials [9].
All potentials contain the longest-range contribution due to the two-pion exchange.
The TM and Brazilian potentials also include the shorter -range contribution due
to mp and pp exchanges. In the Urbana potential this short range contribution
is introduced phenomenologically. The Illinois models include parametrizations of
three-pion exchange terms due to ring diagrams with one A in the intermediate
state.

One should note that the phenomenological 3N forces are parametrized in the
context of a particular 2N-force model. It is to be noted that the Urbana 3N force
taken together with AV14 2N force [10] has been adjusted to the triton and “He
binding energies [11] and has been used in the 3N scattering calculations below
the breakup threshold [12].

A more consistent approach can be developed in the frame of chiral perturbation
theory, where both 2N and 3N forces are derived from a given effective Lagrangian
at different orders of perturbation expansion. A detailed discussion of the structure
and application of chiral nuclear forces may be found in the review articles [13, 14,
15] and references therein.

In this first attempt to include 3N forces in our calculational scheme [16] based
on the Faddeev equations in configuration space (FECS)[17]. The FECS have
attrachtive properties for the studying Nd scattering above the two-body threshold
due to the clear asymptotics of the wave function in correspondence to different
channels and simple taking into account the Coulomb force. This property provides
mathematically rigorous possibilities for practical applications [17, 18, 19]. To use
the Tucson-Melbourne 3N potential for the study, we present our derivation for
components of the TM 3N potential obtained in the coordinate space. We shall
mostly consider the simplest contribution to TM potential which comes from the
two-pion exchange. We apply the approach which was initiated by S. Merkuriev, C.
Gignoux and A. Laverne (MGL) [20] who derived general formulae for nd breakup
scattering in configuration spaice.
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2. MGL basis

For partial wave analysis of the Faddeev equations in the coordinate space, we have
chosen the basis proposed by Merkuriev et al. for nd case [20]. This basis without
any changes may be applied for pd case too [21, 16, 22]. The basis is intermediate
between LS and Jj coupling schemes. Let: 7, l'and J = G+ be the spin, orbital and
total angular momenta of the pair 23, s = 1/2 + J the total "spin” of the system
123 considering the pair 23 as a particle with "spin” J. X the orbital momentum
conjugate to y, that is of the relative motion of particle 1 with respect to the c.m
of pair 23. M = X + s the three-particle angular momentum with its z-projection
M,. The set of quantum numbers {loJsA} = a defines a state on this basis.

3. TM-7mm potential in the coordinate space

The TM-77 potential in the momentum space can be taken from [23]. It reads
< pllupl27p€3’WTr7T(3)|p17p27p3 >=

(62 + 42)(q” + p2) dm?” TN

(Q)FzNN(qI)(UM)(Uzq/){(7'17'2) [@ + b(qq/)]
—d(13 -1 X 12)(03 - q X q’)} (1)

Here it is assumed that nucleon 3 exchanges a pion with each of the two rest nucleons
1 and 2. ¢* = 134, ¢ = p; — p} and ¢ = py), — ps. According to later studies [5]
the so-called c-term with ¢2 + ¢’* in the square brackets, which is present in 23],
is omitted as essentially equivalent to the first, a-term with a new value of a. The
Fourier transform gives

< 7“/1,7‘;,7“5|W7r7r(3)|7“1,7“2,7“3 >=
3 3
d?’P’i d*p; .
/H (27T)3 (271-)3 CXp (Zz(p;r; B plrl)) < pllapéapg‘wﬂ'ﬂ'<3)|p1,p2,p3 > (2)
=1

i=1

Of the three final momenta p}, p, and pj the last can be fixed by the d-function
in (1). The two others can be expressed via ¢ and ¢’ as p| = p; —q and py, = pa+¢'.
The exponent becomes

3 3
ZZ(P% —piri) = @sz(rg — ;) —iq(ry —ry) +iq' (ry — 1)

1=1 =1

Integration over p;, 1 = 1,2, 3 gives a factor
(2m)70° (1} — 11)8°(ry — 1r2)8°(ry — 73)

which makes the potential local in the coordinate space. So finally we obtain
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<1y, T, 5| Wen(3) |11, 72,73 > = 53(7"’1 — 7’1)(53(7“/2 — 7"2)53(7"; —13)

(019)(024)

g9 / d*q d*q o~ iar1s+ia'r23 F2yn(q) F2un(d)
Am? ) (2m)? (2m)? ¢+ p? q* + p?

{(m)]a+bad)] = dims -7 x m)loy - ax )} (3)

where 113 = r1 — r3 and ro3 = r9 — r3. In the following, to simplify notations, we
omit subindex 3 and write 13 just as r; and 793 as ro (as if the third nucleon is
located at the origin). In terms linear or quadratic in momenta we substitute the
latter by the derivatives. Introducing also a function

_ 4_7T ¢ F2yn(q)
Z(r) = / 2nF ¢ b 2 (4)

we find the expression for the (local) W, (3) potential

Worl3) = 5 (01V1) 029 { (7172 [a+ (V)

 64m2m?

—d(rs T X 1) (03 - Vi X v2)}z<r1)2(r2) (5)

As one knows, acting on a function of modulus, gradients become proportional

to vectors: ) , Y
Vi) =12 9w ) = 5l g L)
r r r
Using this and introducing derivatives
A lZ’(r) 7@ = lZ”(r) (6)
r ’ 72
we rewrite the potential in its final form
g1 (a) (b) (d)
where
W(a) = (Tng)(O'lT‘l)(O'QTQ)Z(I)(Tl)Z(l)(7”2) (8)

Wt = (1172) (0102)2(1)(7’1)2(1)(7“2) + (Ulrl)(agrl))Z@)(rl)Z(l)(TQ)

+ (0172)(0212)) 20 (r1)) Z®) (1) + (0171) (0272)) (r172) 2 (1) 23 (12) (9)
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W = —(73- 7y x 1) | (03 01 % 02)20(r0) 2V (1)
+ (03 - 01 X 73)(0212) ZV (1) ZP (r3) + (05 - 71 X 02)(0171) ZP (1) Z D (15)
+ (051 x 1) (017 (022) Z2(r) 22(r2) | (10)
The latest set of parameters (TM99 [5]) is
pa = —1.12, p*b=—-2.80, p*d=—0.75 (11)

with the pion mass ¢ = 138.0 MeV and the form-factor squared

Flyn(q) = ((/A\JF—ZQ;Q (12)

with A = 5.8p.

4. Isospin operators in the MGL basis

We have to calculate 4 operators

(1o13), (1371), (TiT2), (7371 X T2)

in the MGL isospin basis formed by the three states 77?/; with given values of the
total isospin T and isospin t of the pair 23:

1/2,1/2 __ 1/2,1/2 3/2,1/2 __
771;2,0/ =T, 771;271/ = T2, 771;2,1/ =Ts- (13)

The simplest operator is obviously (7273) which is diagonal in this basis:
(Tom3)ik = dipai, i=1,2,3, a1 =-3, axz=1 (14)

To find matrix elements of (7371) and (7372) we recall that permutations of nucleons
123—231 and 123—312 are accomplished by operators P* and P~ respectively [24]

—1/2 FV3/2 0
P= = +/3/2 —-1/2 0 (15)
0 0 1

Note that P* are unitary:
PtP- =1 (16)

If we denote 771("), 1 = 1,2, 3 the basis in which isospins of the two nucleons different

from n are first summed and the isospin of nucleon n is added to form the final
total isospin 7" then our basis is 771(1) and we have

n? =S P, P =>" P, (17)
k k
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or simply
2 = ptp®,. B = p—p® (18)

Applying P~ and P to the first and second relations (18) we get
p = pp@ () = pr (19)

Using these relations we find

(nm)a =< 0| (nm) g >=Y PLPY < | (mm)lngs >
/k/

= Z P+P k,allé e = Z PZJlralPIE (20)
i’,k” [

where a; are defined in (14). So as a matrix

(T1T2)ik=
~1/2 —/3/2 0\ /-3 0 0 —-1/2 V3/2 0
=|Vv3/2 -1/2 0 0 10 |f-v3/2 -1/2 0
0 0o 1 0 01 0 0 1

To find 7377 we have only to substitute Pt <> P~, which gives

0 —V/3 0
(mm)=| —vV3 -2 0 (22)
0 0 1

Our last operator (73 - 71 X 72) is symmetric in all the three nucleons. To find
its matrix elements we use

(Tom1)(T2m3) = 173 — i(T3 - 71 X T), (T273)(mem1) = Ti73 + (73 - 71 X T2) (23)
wherefrom we conclude
2?:(7'3 - T1 X ’7'2) = (7'27'3)(7'27'1) — (T2T1)(72T3) (24)
For the matrix elements we find from this
) 1
Z(Tg +T1 X Tg)ik = 5(0/1 — ak)(Tng)ik (25)

As a matrix
0 —2v3 0
i(Tg *T1 X ’7'2) = 2\/3 0 0 (26)
0 0 0
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5. Spin-coordinate operators in the MGL basis. Generali-
ties

In the coordinate space our basic function is expanded in the MGL states |o >
« x?
3 M‘a > (27)
(0% xy

The spin-coordinate part of |a > is labelled as
o >= |\, s,l,0,5 > (28)

where we suppress the quantum numbers which are conserved: total angular mo-
mentum M its projection M, and parity P. Our task is to expand in |o > the
result of action of some operator O(x,y) on our basic state

(ba(x;y) DC'!(x?y)

o) AV = e g 29
T == 3 2 R > (29)

Orthogonality of states |a > allows to find
Da(z,y) = > _ Oupd(,y) (30)

B

where

Oas =< alO(x,3)[6 > (31)

is the matrix element in the MGL states taken over spin and angular variables.

In the calculation of matrix elements of the 3N potential a much more convenient
is the basis |a > in which individual spin projections of the nucleons and orbital
momenta of pair 23 and nucleon 1 respective this pair are given

|CL >= |>\7 )\2:7 lv ZZ7 D1,P2,P3 >= Y)\,)\z (y)}/},lz (}A()Xz(;ll)Xéi)Xl()i) (32)
Here Xffi) is a spinor describing the i-th nucleon spin state with its projection p; =
+1/2. The relation between the two bases is direct:

o >= Z la >< ala >= ZF§|a > (33)

Coeflicients F are expressed as a product of four Clebsh-Gordon coefficients:

a __ MM, 852 JJ, o0,
Fa - Cssz)\)\zoépljjz Caozllz C%p2ép3 (34)

and the sum over a is in fact the sum over projections of the momenta

Y= > (35)

Az,lz,p1,P2,P3
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Calculation of matrix elements in the MGL basis then reduces to their calcula-
tion in the factorized a-basis. For any operator O

< o/|Ola >= Y FUF! < d|Ola > (36)

a,a’

(here we use that F are real).

Taking matrix elements of spin operators in the a-basis is trivial, since it gives
the standard Pauli matrices either in Cartesian or spherical coordinates. Just to
remind: in the Cartesian coordinates

(1) (U)o (3 ) e

whereas in the spherical contravariant coordinates

a+1:—\/§<(1] 8) 00:([1) _01) a—lzﬁ(g é) (38)

Calculating the orbital part one encounters integrals of three spherical functions
with possible weights x,,, x,%, and X,%X,X.. Correspondingly we define

N . 1 Iy i,
BULprlil) = [ s, (307, (00 (%) = —= T ChaCli, (39

where we denote [[,,. = [(2a+1)(2b+1)(2¢+ 1)...]"/2. Note that the right-hand
side is real. So we also have

B(I'pr]il,) = / dX Yy, (%)Yr (%)Y (X) (40)

We use relations (see Ref. [25], Varshalovich 13.2.3.10,13.2.3.11 and 13.2.3.17)

2l —+ 1 l”l” R
X, Yo, Z l”—i— 1 ll myi”l”( X) (41)
l//l//

and

A A “ 1 N 2l + 1 " . %
XX, Yy, (2) = 5( 1)#0,-, Yo, (2) Z 320" + 1) Cllogocinuclz 5 Yoy (X) - (42)
l//l//

Multiplying (42)by x. and using (41) we get

2l —+ 1 l”l”
2[’/ + 1 llzle l”l"

~

X, X, XYy, (2) =
l//l/l
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2l + " G 71171
10 2k l 10 S VA
+ E 320" 1 1) CZOQOCI;AVCII 5 CrovoCrepin Yimi (43)

l//l//l//l//

Correspondingly we define

B (I prlil,) = / 455, Y, (%)Y 1 (3) Vi (3)

241 o

2l//+1 lx1p ll/p |l”l//) (44)

%

B, ('L pr]il.) = / dxx,%, Yy, (%)Y (X) Y, (%)

1 2l + 1 I . nn
= 5 (V0 BUTLpTlils) + D | o5 Clown Oy Cus B LTI (45)
l//l//
and
—_ 2l 1 1"y
Bl prlil) = ¢ O B pr 1)

" l.1e
I 2 +1 :

2l + 1 " K l// // _ _
+ Z 2[/, + 1)050200012M1u0ll 2HO{OZ”OOIel’Z’l”B(Z l;pTll”lg) (46)
l//l//l//l//

Finally we recall that in our basis

1 V3 1 V3
g —Is =X, I‘3—I'1:—§X—7y, rl—rgz—éx—F?y (47)

6. Operators to study
We rewrite our 3N potential W,.(3) as

2,2

Wyn(3) = %{(m) [a02<3) + b(Ol(S) + 03(3) + 04(3) + 05<3))]
—d(rs T X T) [06(3) +05(3) + O5(3) + 09(3)] } (48)

We have 9 different operators. For W,,(2) and W,.(1) we have to study 18 opera-
tors more O;(n) i = 1,...9, n = 1,2. So in all we have 27 different operators. Below
we present a list of them in terms of our vectors x and y

01(3) = (0109) ZV (113) ZW) (ra3) (49)
01(2) = (0103)ZV (r12) ZM (r39) (50)
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O1(1) = (0203) ZV (191) ZW (31

05(3) = (01713)(02723) Z W (113) ZW (r93)

= [_ i(&}x)(&’gx) - @(@x)(&gy) - (53X)<5zY>)

04(3) = (01723)(02r23) 2V (113) 2 (ra3)) = (61%)(52x) 2 (r13) ZP) (r23)

03(2) = (017“12)(037‘12)2(2) (7"12)2(1) (7”23)

04(2) = (01732) (03732) 21 (r12) Z®) (ra3))
= (61x)(F5x) ZW (r12) 2P (rq3)

(51)

(52)

(54)

(58)
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03(1) = (027"21)(037“21)Z(2)(7”21)2(1)(7‘31)
= %(523’()(53)() - ? <(52X)(53Y) + (53X)(52}")>
+26)5)| 22012 20) - (59)
O4(1) = (02r31)(03731) 2N (r21) 2P (r31))
~ e + L2 (@) + (7))
+ 2009|2020 ) (60)
O5(3) = (01713) (02723) (113723) 2P (r13) 2@ (r93)
= %(&1)()(&2)() + ?(Ely)(ﬁgx) (T137’23)Z(2) (r13)2(2) (ro3) (61)
05(2) = (037"32)(017"12)(7"127’32)2(2) (7"12)2(2)(7”32)
= [%(51X)(53X) - \/73(51}’)(53’() (r12r52) 2P (r12) 2P (r55)  (62)
05(1) = (027"21)(037’31)(7"217“31)2(2)(7’21)2(2)(7“31))
= [~ 2am@n0 - L (@) - Go) o)
+ 2005 () 20 (1) 22(r31)) (63
O6(3) = (03 - 01 X UQ)Z(1)<T13)Z(1)(T23) (64)
06(2) = (0'2 03 X Ul)Z(l)(’f‘gg)Z(l)(’l"lz) (65)
O6(1) = (01 - 02 % 73) 2D (r31) 2D (131 (66)
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07(3) = (0'3 01 X T23>(02T23)Z(1) (7’13)2(2)<T23>
= (53 . 0_"1 X X)(52X)Z(1)(T13)Z(2)(7"23)

Os(3) = (03 - 113 X 02)(01713) 2P (r13) 2 (ra3)

1 — — — — — — —
= 1(03 “X X F9)(01X) + T((O’g -X X 09)(d1y) + (03 y X 0'2)<0'1X)>
3 . N o
+ 1(03 -y X d3)(01y) A )(7“13)2(1)(7“23)

08(2) = (0'2 *T32 X O'1>(0'37"32)Z(2) (7'32)2(1)<7'12)

= (G- x X 71)(F5%) ZP (159) ZW (114

07(1) = (0'1 c 09 X 7“31)(0'37“31)Z(1)(ng)Z(Q)(’f‘gl)

(68)

(69)

(71)

(72)



3N potentials 13

09(3) = (03 *Tr13 X 7"23)(017’13)(027’23)2(2)(7“13)2(2) (7‘23)

= 1y x 0 - LE ) + 2 ((Fs(E) - (E0())
+ 28 ) a0) | 20 ) 20(r) (75

Our idea is first to construct matrix elements of these operators in the a-basis,
which is almost trivial and only needs a good bookkeeping. In principle the desired
matrix elements in the MGL basis can then be obtained by Eq. (36). Written in
terms of Clebsh-Gordon coefficients this includes multiple (though finite) summati-
ons over momentum projections. It is to be seen whether some of these summations
can be done analytically (as for Coulomb matrix elements). This problem is to be
treated at the next step.

7. Spin-coordinate operators in the a-basis

7.1 Operators O,

We illustrate our technique in the simplest case of operator O;(3) As we mentioned,
the spin part is trivial

< P1pop3|(0102) [P1paps >= Gl Fplps Oplps (76)

Now the spatial part
1
A <‘§X + ?yDZ(l)(x)

As with the Coulomb matrix elements we expand the first factor in Legendre po-
lynomials in cosf where 6 is the angle between x and y and then convert this
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expansion into the one in bipolar harmonics. Having in mind permutations 2 <> 3
we expand

20 (| Loy]) = 0+ DA eosh)FP 20w, 0)

Taking matrix elements will give two B coefficients

1 V3
N (D) (]
< NNJ'U\|\Z (‘Qxi 5 y))\)\)\zllz >

=47 Y (F1)PZ (@, y) BULpr|I) BN pT|NX,)  (78)
pT

So finally we get

< d'|01(3)|a >
= 4Gy Ty Ot 2 () D _(=1)P 20, y) BULpr|U) BN pTINAL) - (79)

pT

This explicit expression is difficult to read and write. So in the following we use
a convenient short-hand matrix notation. We shall not write out the components
of the matrix element of Pauli matrices but leave them as they stand:

(0102)

As to the spatial part, we introduce matrices

< VLB (p)|I, 1. >= B('Lpr|ll.), < NX.|D7(p)|l,1. >= B(M.pr|NN,)  (80)

and their scalar product
B(p)D(p) = 3. B"(p)D"(p) = (BD), (81)

In these notations

< d'|0:(3)|a >=< d'|4n(5152) 2V () Z(—l)pZél)(x,y)(BD)pm > (82)

or simply, omitting the states a and o

01(3) = 4n(6162) 2V (2) Y (-1)°Z" (2, y)(BD), (83)
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Permutation 2 <+ 3 will obviously give
01(2) = 4n(0105)2W () Y _ 2\ (2, y)(BD), (84)
P

In O;(1) the spatial part is

1 1 V3
20| D)2 (|- By
XT3 X T Y

We expand it as a whole in Legendre polynomials

(S L =0

- Z (20 + 1) Py(cos 0) Z) (2, y) = 4m > V() Y (§),r 20 () (85)

p77-

Obviously only even value of p contribute. After that we find
O1(1) = 4m(Gads) Y Z{"(x,y)(BD), (86)
P

7.2 Operators Oy — Oy

Operators Oy — Os5 can be written in a straightforward manner using our list of
operators in terms of vectors x and y and attaching subindexes p and v to matrices
Bor D.

02(3) =
4y otoyeZW ()Y Z00 (@, y) (1) [%x(BM,,D)p + ?y(B,,DM)p] (87)
05(2) = 4r > otosaz( ZZU T,y [ (B,,D), — \fy(B Dﬂ)p] (88)

j15%

1
1) =dry ooy > 20 y) | - 774 (BuD),
% P

— ?xy (BMD,,),) - BuDu)p) + Zy2(BD/W)P] (89)

3) = dr 3 ot 20(@) Y 22w 9) (<1 [34*(Bu D),
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+ \/Tgxy (BuDy)p + BZ/D,LL)p) + ZZ/%BDW)/)} (90)

—4WZUIU§Z ZZ xy[ *(BwD),

- ?l‘y (BuD.)+ BD,), ) + ZyQ(BDW)p] (91)

1) =dr > oboy Y 2% (a,y) Ex?(BWD)p
= @w (BuD), + B,,Du)p> + ZyZ(BDW)p] (92)
04(3) = 4n > " oloya’ 2 Z ZM(z,y)(—1)"(BwD), (93)
04(2) = 4; > oloya’Z2(x)> " 20 (2, y)(BwD), (94)

i

y 1
1) =dn E oboy E Zém)(x,y) L—LxQ(BWD)p
pv P

V3 3,
+ Ta:y(B D)y + BuD,), ) + “y(BDyw) | (95)
O5(3) =
. 1 V3
1r Y ol o5aZ () Y UP @, 9) (<1 [50(BuD), + S u(BuDy),| - (96)
v P

’ 1 V3

03(2) = 4n Y ooy z® (@)Y UP(a.y) | 52(BuD)y = y(BuD),| - (97)
p P
y 1
1) =dr Y obote > UM (w,y)| - 72*(BuD),
pv p

V3 3

- Tmy (BuDu)p - BVDu)p) + Zy2(BD/W)p] (98)
In operators Oy we introduce functions of the angle (xy)

v = (1'121‘32)2(2)(7’12), U = (1'211“31)2(2) (7’21)2(2)(7’31) (99)

Also Zéu) and ZE” are the partial of functions Z((ry)Z@(r3) and
Z® (r15)ZM (r13) respectively. They differ by factor (—1).
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8. Operators Oz — Oy

Operators Og are simple

O4(3) = 4n(F5 - &1 x 32) 2V (2) Y (—1)Z(x,y)(BD), (100)
O6(2) = 4m(3 - 35 x 31) 2N () > 2V (x,y)(BD), (101)
Os(1) = 4n(7, - &2 x &5) Y _ ZS"W(x,y)(BD), (102)

p

To write out other operators we use the form of the vector product in spherical
coordinates:

[a % b = iV2 Z Cley,alb” (103)
The we easily find

0-(3) = 47?2\/_2 Clulyagafag’:cQZ(z)(x) Z(—l)pi()l)(:c, y)(BueD), (104)

Hred P

0:(2) = 4#2\/_2 ClulyagogafZ ZZ x,y [ *(B,yD),

pred
- %y((am)p +(BD),) + 24 (BD.),] (105

0:(1) = 4#2\/_2 C’mlyUlUQ 0P Z Z [ *(B,yD),

pred
V3

+ T:vy((ByD(b)p + (B¢Du)p> + §y2(BDV¢)P} (106)

4

. . 1
Os(3) = _47”\/52 Olluluasazal Z4 )( )Z(—l)pZ/SQ)(x,y) [1$2<BV¢D);7

pred p

i ?wy((B,,D@p + (B¢Dy)p) + %yQ(BDm)p} (107)

Os(2) = —47ri\/§z 011;1,/0203 AR ZZ(1 z,y)(BusD), (108)

pveg
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Os(1) = —4miv/2 Z Cioy,05050% Z Z [ >(B,yD),

preg p

- %y(wym)p +(BD),) + 42(BD,.),] (109)

Oy(3) = 4miv/2 Z C’lﬂlya3ala2 2?2 7Z? (x)

HVEPX

S 128w 3) (Ll Bon D), + S0(BDye),) (10

P
Oy(2) =
‘ V3
4iN/2 Z Cllu1V020301 A )( )ZZ;(;Q)(x»y)<T$(Bu¢xDu)p

Hrepx p

= ZuBuDua),) (111

. ] V3
Oy(1) = Amiv/2 Z Cll,ulualo—gag’fwy Z Z,§22) (2, y) [ - ?$2(Bu¢xpu)p

Hrepx p
3 3v3
+ Y <BVXDM¢)P — Bus Dy ) ) + _92(BVDu¢x)p (112)

9. Functions to be expanded in partial waves

Our basic functions can be taken from [23] Take the form-factor as

A2 — 2
F?TW(Q) = A2 _qz (113)
Define | 5 3
e " e "
G == (1+;), i) =% (1+;+ﬁ) (114)
Then It A2
(1) — _ I —Ar
Z0(r) ,u[G(;u“) G =3 <u2 1)6 } (115)
and

200y = L7200 1 x,0r) (116)
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where
Xo(r) = [F(m . A—F(Ar) . %AT (2— . 1)G(Ar>} (117)

The angular dependence comes from the expressions for 715 and rq3:

1 3 3 1 3 3
rig = \/ZIQ + Zyz - gxy cosf, 113 = \/1902 + Z?JQ + \/T_WJ cost/ (118)

For any function F' partial waves of F(ris) and F(r3) will differ by a factor (—1)7.
We standardly define partial wave for F'(rs):

1 +1
Fy(z,y) = 5/ dcosOP,(cos0)F(r2) (119)

1

For F'(ry3) partial waves will then be (—1)?F,(z,y) The product of two identical
functions F(r12)F(r13) is even in cosf and its partial wave expansion will con-
tain only even values of p. When a product of different functions is partial wave
expanded, then partial waves Z*) correspond to the product Z®(ri5)Z® (r3)

10 Dynamical and geometrical factors

Our next step is present our matrix elements in terms of dynamical factors, depen-
ding on x and y and geometrical ones, which depend only on the labels of the states
between which the matrix elements are taken. Their role is different in the calcula-
tional procedure. Geometrical factors can be calculated once and for all before the
actual computation, which is based on scanning the grid in z,y plane.

To simplify notations, from now on we denote

Oi(k) = O, i=1,..9, k=1,2,3 (120)

We present
O = ZZ% 7, 9)diy (121)

where OZ(,?p(x, y) are dynamical factors and matrix elements of qz(,?p give geometrical
factors. The number of terms [;;, maybe 1, 2 or 3 for different k.

Expansion (121) can be made in a straightforward manner on the inspection of
expressions for the operators in Section 6 .

013,0 = Z(l) (Z')Zél) (SE, y)(_1>p7 q13p = 4W(5152)(BD)P (122)
012/) == Z(l) (x)Zgl) (ZE, y)v q12p = 47T<5:163)(BD)p (123)

Ollp = Z,gn) (l’, y)7 qi1p = 4W<52&3>(BD)p (124)
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Ok, = §x22<”<x>zy><x, (1), g5y, =47y ooy (BuD), (125)
m
o) = ﬁx ZW (@) Z0 (2,y)(-1), g5, =47y otoy(B,D,) (126)
23p B Yy 0 Y » 423, 102\Bv iy )p
-
Opsp = (~1Y°O%s) dszp =4 Y 0{o3(BuD), (127)
-
Oy = —(=1)° Oy, diyy = 4m Y _ofo}(B,D,), (128)
-
Oéll)p = —ixQZ;()ll)(x, Y), qop,=4m Z oyoy(BuD), (129)
m
05, = —\/Tgxy%”)(% y), s, =47 obol(B,.D, — B,D,), (130)
-
0%, = zyQZ,SH)(I? y), 4, =41y ohok(BD,,), (131)
-
O, = 1270 (@) 27w, p) (1, a3, = ) (132)
08, = Yo ey20@) 20w ) (1P, o) =AY olos(BuD, + BD,), (139
m
O, = 222D ) (-1, aff) = 4x S olok(BD),  (13)
m
O, = 12 Z0(@) 2w, ), af, = ot (135)
08, = ~ryz0@) 20w ). ol =10 Y Aol(BD, + BDL),  (136)
m
0%, = 2220 (wy), d=1r Y olot(BD),  (137)
m
O, = 1 2(wy), dl) =l (138)
O3, = —?a:yzf,ﬂ)(x, v), iy =4r Y ohoi(BuDu+ ByDy)y  (139)
m
o5, = zyQZ,SQ”(x, y), dii, = dsi, (140)
Oussp = 2P (@) 2 (2.9) (=1)°, asp = sz (141)
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Oup = AR (x)Z;(;l)(% Y), Quzp = Q§§L (142)
1 1 1 1
Oz(u)p = ZxQZ;(,12) (z,y), qﬁ(ui) = qél)p (143)
V3
05121),; = Txyz(lz)(x Y), in1)p = qg)p (144)
3 3 3 3
Oz(n)p = 1922(12) (z,y), qﬁ(ui; = qéli) (145)
1 1 1
Oy = 50”2 (@UP (x.9)(=1)". a5y, = o) (146)
2 V3 2 2
0, = 5 ey 2P (@)U (@,9) (=1)", a5, = 453 (147)
1 1 1
Ofy, = (—1)°0%), 45y, = ab (148)
2
OS5, = —(=1)" 0%, 5o = dsa (149)
1 1 1 1
Oél)p = 1 2U(22 (z,v), qf()l)p = qgl)p (150)
2 \/g 2
0%, = = ayUS (e.y), 451y = dor) (151)
3 3 3
Oél)p = Z?JQU;SZQ)(IU Y), qg)li; = Qé1)p (152)
O63p = OlSpa q13p = 47(53 01 X 52)(BD)p (153)
Oﬁgp = Olgp =, Q12p = 47'('(62 . 6351)(BD)p (154)
061p = Ollp7 qip = 47T<51 -0y X 53)(BD)p (155)

073p = :L‘QZ(Q)'IZ;()U (J:a y)(_1)07 qr3p = 471—2\/_ Z Cluluo-?)a-l 09 (BV¢D) (156)

HVED
1
O%)p = ZxQZ(I)xZ/?) (z,y), q72p = 4#@\/_2 01#1110203 o8 (BV¢D) (157)
Hrep
/3

O = myz<l><x>zf><x,y>,

pred
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3
Ofyp = 10° 2V (@) 2P (1), 4y, = 4miV2 Y Clin 030507 (BDys),  (159)
pred
1 , .
Ofy = 3228 (), dhyy, = 4niv2 Y Cli,0iobof(BuD),  (160)
prep
(2) V3 (12) w9
Oz1, = 1 —axyZ,; 7 (v, y), q 1p = 47”\/_2 C1M1u0102 o5(B,D¢ + ByD,), (161)
HVED
3
3
O'(Yl)p = 1922,92) (z,9), Q72p = 47”\/_2 Clulualagoéb(BDV¢)P (162)
pred

1
Osp = =30 20 (@) 20 (w.y)(-1),

P
q83p = 4miV/2 Z 011;1u0302 01 (Buqu) (163)

prep

V3

0k, = —ayZ W2z, y)(~1)".

qé?’))p = 4miV/2 Z C1M1VU3U§LU(17>(BVD¢ + ByD,), (164)

HVED

3
0, = — 7?20 @) 2w, y><—1>”’

—4#2\/—201#1,/03050‘11’(BDV¢),) (165)

HVED

Os2, = A (x)Z;()l)(iCa Y), Gsap = 47”\/52 011;1u0203 g1 (B,,¢D) (166)

pred
1
1
Ogl)p = _ZIQZ,()QI)(% Y), Q71p = 47”\/_2 C1u1u0103 09 (BV¢D) (167)
pred
V3

Oézl)p xyZm)(:B, Y), qg)p = 47?2 Z Clulualagaf(Bqub + ByD,), (168)

pved

4
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3
O’gzi,)o = _ZyQZ;()m)(x? y)? q72p - 47TZ\/_ Z Clull/alo-go-g)(BDV¢)P (169)
pred
3
O = L2370(0) 20 (1, ) (-1,

4
1 . €
Qs = ATiV/2 Y Oy, 050703 (Bug Dy, (170)

predx

3
08y = S22 @) 2201y,

4 P
%3,; = 4miV/2 Z C1u1u0301 03 (BuixDyg)p (171)

HVEDX
ol = v3 VAT EAVAS) ) —4riv2 Y C X (Byg D 172
92 = 1 (z) o (z,9), ¢ 9 e Z 1u11/0_20—30_1( voxDu)p  (172)

predx

3
Oy = 0920 (@) 2P (1), dizy = 4miV2 Y Oy 05030¥ (BiDya)p (173)

Hvepx

V3., )
Of()l)p 3 - 7 92(22)( Y), q 1p = 4miV2 Z C%ﬂlualggag(BV¢XDM)P (174)
HVEPX
0(2) _§ 2 2Z(22)(37 ))
91p — 8 Y p Y))s
q91p = 4miv/2 Z Cl,uluo-lo-gso-%((Bl’XDﬂ¢ = BuupDyux)p  (175)
Hredx
3 33
Of, = 5-ey* 2 (w.y). ait, = 47iV2 Y Cliyoi03o5(BDysn),  (176)

HVEDX

11 Geometrical factors in the M GL basis

To pass to the MGL basis we have only to transform matrix elements of operators
q in the a-basis with the help of coefficient functions F':

< d|glo>=> " FY <dlgyla> FS (177)

a’,a
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This expression involves many summations over projection of momenta. Possibly
they can be done analytically, using the appropriate formulas from Ref. [25]. To
this aim one should use representation of matrices Pauli in terms of Clebsh-Gordon
coefficients:

Uﬁp = \/5( 1)1/%# pC;Hp/épa o ]pp = \/5( )1/2 pOl p'i—p (178)
so that the whole expression (177) turns out to be a product of Clebsh-Gordon
coefficients summed over momentum projections. Since there are many operators
qZ(,?p to be processed in this way, probably it is more practical to do the sums
numerically on the computer to calculate matrix elements (177) as a preliminary
for dynamical calculations.

In the following, just for illustration, we shall try to do the sum over projections
analytically for some simplest operators q.

11.1 Operators O,
We are going to study the matrix element
< o |qrzp|la >= 47w < &'|(6102)(BD),|a > (179)
First let us write out the relevant factors
Fa by = CYn oy oo O 7y OGO, G €50z, (180)

ipl T, ipJJ, 00l

< d'|qrzpla >=

2( )1 P1—D2 HlPOlO H)\p

1’0p0
I 1L

M0
OA0p05p3P3

§ : 1\l 1. AL
(=1) C%—pi%plcépéé Ol’l’szC)\)\sz (181)
T

Multiplying (180) and (181) we obtain an explicit expression for the matrix ele-
ment (179)

Hlpcl% OH)\p
[L " 104

/ N0
< Q3| > = Cop0

Z Z Z B 1 —p1—pat+p MM, s'sl, J'J a'ol MM,
( Cs 'S C%p/ljljéoo’cr’zl’l’zoépél Cssz)\)\z

Al 7lz 7p1 7p2 Azylz,p1,p2 KT5P3

S8, JJ, 00, 1p 1p 1, AL
C C C 1 Cl Cl ’1 Cl'l,'szC)\)\sz (182)

ip1Jg. ool Ipy tps Tl i dp T gL
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We can perform partial summation over po, pl, ps

1/2— oo ool 1n
St = E ( 1)/ RO O A 01/1_
2p22p3 9P25P3  5Py5 D2
P2,P5,P3
/ 1
= (=17 Y (-, c% o (183)
21032P2 2p32p2 9P35 P2
P2,P5,P3

We use Varshalovich 8.7.3.(17) [25] with

1 1 1, ;)

55251737 @0425192, CY = 00y, d(s:—])m €€ =00, fo=1n

to obtain

— D=

1
MICERY

As a next step we may try to sum

0%' } (184)

Sy = wNT el Ol Cl 00 (185)

ot l® ooxlp

Ll ,0%
We note that
p=o.=0, o,=J,—1, so that u=o. +1,—J,
and (185) can be rewritten as

52 _ (_1)—Jz—l—a’ Z ( 1)[ l.+0' -0 C;']/a{,l’l’ CJJZ Cllz CO’O’

ool UV pr~ 0o 1p

(186)

’
lz,lZ,O'Z,O'z

This sum corresponds to Varshalovich 8.7.4(30) [25] with
ac = pr, BB =11, cy=1,, do=1pu,

ece =c'ol, fo=o00,, gn=JJ., ju=JJ,

z

Taking into account factors arising due to replacements in lower arguments in

Clebsh-Gordon coeflicients we find

L7 p
SQ ( )l+l B H ZOJ’J’J J 1,up T o o 1 (187)
o' JJ' ks J J k

Now we sum

— 1 2—p1—J E S8z 1p
S ( / Z Ol ’J’J’O CJ’J’J JzO

3p1JJ: 3Pl 51

(188)

Jz J,'zplpl



26 M.A. Braun et al

We have p; + J, = s, and

1 1—
Clu ;1 == Cl /ul
37 P13P1 2P137P1
so that
_ 1! 1_
Sy = (—1)Y/2—s § s ss= (e cy 189
D A A A (189)
zJ;P1P7

We use Varshalovich 8.7.4.(21) with

aav=kr, bB=JJ., cy=JJ, dd=1—p,

1 1 .
ee = §p’1, fo=5p, gn= s's,, jp=ss.

Taking into account factors due to interchanges of lower indexes we find

J J k
_ J—2s"—s—s, k1K1 k1K1 1 1
53 - <_1) H E :Cs’s’zs—szcl—ukn 2 2 1 <190)
kls's kiki s & kl
Collecting our results, at this step we have
-1
' _ 10 10
< | quzpla >=6 H H)« leopoc,\opo
U'pproo’ JJ kss’
1 1 l l/ 1% J J/ kf
= = 0’ / !
2 2 1 o o 1 1 1 1 E (_1>—o+l+l —28'—s—p—1—s,
OJ 1 5 y 2 2,
J J Ok S S ]{Zl ALL8h Az 82,0, T KR
MM, MM, ks NAL ~kiky kik1
Cs’s’z)\’)\’zOssz)\)\zCl,up—TC)\/\szCs’s’zs—szleukm (191)
Now we sum
Si=— S oM, oMM X 192
4= oM + 1 sSLNAL Y 55, A0, — AdzpT ( )
Mz Az, N
We transform .
N A=Az T p—T
C)\)\sz =(-1) HHp C)\AZ)\’X—)\’Z (193)
A/

to transform

AN — -1 1 A=Az ~MM, MM, T
Si= I iy 20 D CH CABR. O, (199
N M

/
za>\2))‘z

We use Varshalovich 8.7.3.16 [25] with

ac =N\, bB=X—N,, cy=pr, do=MM,, ec=ss,, fo=25s,
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to obtain
S ( 1>/\’+M+s’ _lcssz A P (195)
4 I)\I/ IL s’z s 88 M

Our next sum is

Sy = Z (_1)—7—520321/:;7820@51 O3 (ke

1—pks ™~ prs's!,~ 1up—7

(196)

T,K,K1,52

We have 7+ 8, = s, so that (—1)"7"% = (=1)7"% = (=1)~** and can be taken out
of the sum. The rest corresponds to Varshalovich 8.7.4.(24) with

ac=1pu, bB=pr, cy=k—k, dd =5 —5,,

ece=s—5., fo=hkr, gn=5s, ju=1-p

We obtain
k p 1
Sy = (_1)—5’2(_1)p—k—5/_s’z—u H C§2f§gl—ucf’2:€52;1—# kL s s (197)
lesk1ky kako 1 s ky

The last sum over s, and x cannot be done because of the factor (—1)72% ( (—1)#
is cancelled by the same factor in (191)), which is strange.

To check we shall try to use an alternative formula Varshalovich 8.7.4.[25] (20)
transforming the relevant Clebsh-Gordon coefficients to the form corresponding to
this formula (putting all the projections to be summed down). We have

S5 = (=1)7"55 (198)
where
Ss= ) Co CiConyy Chrps (199)
TS
Now
Chi . = (e RO ol
Cfi’;lkn = (‘UHHMM_H i 1C;Zk1—m

3
S8 —T 28 + 1 S'*Sfz
C pTS/S; = (_1)p \/ 25/—_'_10;77'8st
[2k+1 _
kk _ 1+p—k+p+7 1-p _ +k—1,~1p
Cl,u,pr - <_1) P P 2p + 1Cp—7'k—n - (_1)p Ckan
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So we get

~ —1
_(__1\5+2s—k1+p+k—1
S5 = (—1) | | I I o
s'ls’p

k1kisk

2 : —sy—k S =5, 1p s'—sl ~lp
(_1) : OS—SZkl—chklikl—Rlo ¢

pTS—S82 ~ pTkK

(200)

TRyK,82
However we have
K1 =8, —s,=Kk—pu, so that k=35, —s,+u
and also obviously « is an integer and
(_1)73271@ _ (_1)fsz+n _ (_1)slz+,u

So we can take the sign factor out of the sum, where (—1)% cancels with the sign
factor in (198). The sum itself corresponds to Varshalovich. 8.7.4.(20) with
/

aa = 8'—s,, b =ss., ¢y =kiky, do =1y, ee = p1, fo=kr, gn=s"—s,, ju=1p

Summation gives

ki s s
S5 = (1)t et T Y Cl, o, 4k op 1o (201)
k1ky skl koo 1 s ke

Factor (—1)7* cancels with the same factor in (191). and (—1)% with the inverse
factor in (198), so that no sign factors depending on projections s, and u remain.
This allows to do the last summation over s, and u:

Sg=» Chr, oz =1 (202)

s'—=sl 1y~ 1ps’ —s!,
Sz

Collecting all the factors, we get

< o |quzpla > =
. 6\/3 H Cllloopo(_1)l+l’—a+)\’+p+M+s’+2sz))\\éll§)0 (_1)k—k:1

Vpproc’ JJ'ss! e Jer ko
LU p J J ok ky s &
1 1 / 1
H{;, : ‘l’} oo 1pdL 11 {2 j, A’}} k op 1o (203)
kkkiki 2 J J ok s s Kk 1 s ke

This expression should serve as a test for the numerical code to do the summation
over projections numerically.
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