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Abstract. This article deals with quantum computations in the Pauli basis whose
elements are usually identified with the Pauli strings. This approach allows us to
represent quantum states, observables, and unitary operators in the unified form
of linear combination of Pauli strings, so that all operations can be reduced to
the string compositions. Nevertheless a formal justification of the Pauli basis for
quantum computations should be based on the strong results of complex linear
algebra and the theory of Hilbert spaces. We briefly review the main features of
Pauli strings for quantum states and unitary operators, and also the key operations
with them, including an algorithm for string compositions and a transformation
algorithm from the standard basis to the Pauli basis.
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1. Introduction

The theory of quantum computing remains in the field of great attention over the
past two decades. Various types and subtypes of quantum computations are adap-
ted for different technologies and hardware architectures, but their mathematical
structures are constructed using the same basic notions of Hilbert space, quantum
observable, unitary operator, and quantum state. In this article, we consider inte-
racting composite quantum system consisting of n identical two-level subsystems
(qubits), so that the dimension of the corresponding Hilbert space is 2". A pure
state quantum computation with a number of gates that polynomially depends on
the number of qubits can be efficiently simulated classically. Since a universal quan-
tum computer demonstrating quantum supremacy should have a large number of
qubits, say n > 1000, the number of basis states is 2" > 103%°. Quantum computers
with small number of qubits (n ~ 100) that will be available in the near term have
to employed together with a classical computer. In both cases multiqubit quantum
computations are very sensitive to the choice of a computational basis [1, 2, 3].

There are two general possibilities for choosing a basis, and which one is more
efficient depends on both a given algorithm and a particular type of quantum com-
puter. First, we can use a standard orthonormal basis in the based Hilbert space
and then construct a suitable basis in the algebra of linear operators. However,
this approach turns out to be inconvenient and unnatural in the consideration of
problems related to mixed states, graph states [4], error corrections [3, 5, 6], tensor
networks [7, 8, 9] and more generally, to all issues where measurements are not
projective [10, 11, 12]. The second possibility deals directly with a basis in the
operator algebra, and in this case the basis elements usually cannot be separated
into the tensor product of some ket and bra vectors; the Pauli basis is considered
to be the best choice because it is Hermitian, orthonormal (with respect to the
Hilbert-Schmidt inner product), and makes up an orthonormal basis in the Lie al-
gebra of the corresponding unitary group. The Clifford group, which has numerous
applications in quantum computations, is most simply described in terms of the
Pauli basis [10, 14].

The main purpose of this article is to give a systematic algebraic overview of
multiqubit systems in the Pauli basis. The article is organized as follows. Section 2
contains some necessary mathematical preliminaries. In Section 3 we give a short
description of quantum states for a n-qubit quantum system in the Pauli basis.
Section 4 is devoted to studying some computational properties of Pauli strings. In
Section 5 we consider a computational algorithms intended for transition from the
standard basis to the Pauli basis.

Throughout this article, we use the natural units with A = ¢ = 1. For the sake
of readability, some notations have been made context sensitive: lowercase Latin
letters in binary strings (e.g., in symbols of bra and ket) take the values 0 and 1,
while in Pauli strings and indices they run from 0 to 3.
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2. Main features of the Pauli basis

We will consider a quantum system of n distinguishable qubits, where a qubit is
associated with a two-dimensional Hilbert space H and its dual (Hermitian adjoint)
space H'. Let H, = H®" and H = (H)®" be the Hilbert space of the system and
its dual, respectively, and let L(H,) = H, ® H! be the space of linear operators
acting on H and H' by the left and right contractions respectively. Then

dimcH, = dimcH! = 2", dimcL(H,) = 2*".

We will also assume that the space L(H,) is equipped with the Hilbert-Schmidt
inner product,

(A,B) =tr(ATB), A, Be L(H,), (1)

which is the natural extension of the inner product in H,,. The real linear space of
Hermitian operators is denoted below as H(H.,).

Let {|0),|1)} be an orthonormal basis in some one-qubit space H. The unit
matrix and the Pauli matrices,

(10 (01 (0 =i (10
0o = 0 1 ) 01 = 1 0 ) 09 = i 0 3 03 = 0_17

define the four Pauli operators
o = [0)(0] + |1)(1], o1 = |0)(1] + [1)(0],

02 = —i|0)(1] +4[1)(0], &35 = [0){0] — [1)(1],

which are Hermitian and unitary at the same time, and which form a basis in L(H).
The inverse transformation is given by

0o+ 03 01+ 109 01 — 109 09 — 03
= l|=——"> 1 = —= (1| = .
o0 = 22 oy = ZE2 o= 222 )= 20
Recall that for k,I,m € {1,2,3} we have tré, =0, &; =6y, and
00| = —010%, 0(0; = isign(m)o,,, (klm) = n(123), (2)

where 7(123) is a permutation of {1,2,3}.

There is a standard' binary basis in H, generated by the orthonormal bases
{]0), 1)} in the corresponding one-qubit spaces. Mathematically, the position in
the tensor product distinguishes qubits from each other. Therefore, for a fixed n,
it is convenient to write an element of this basis and the corresponding element of
the dual basis in the form

) = [k k) = k) @ @ k), (k| = (ke ko] = (k1| ® ... ® (Kl

'We do not use the usual term ”computational” because it can lead to confusion. The Pauli
basis and the standard basis are computational in the same sense.
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regarding the strings k; ...k, (k1,...,k, € {0,1}) as a binary number and denoting
it by its decimal representation k. For example, [101) = |5) and |00110) = |6)

In the standard basis,

on—1 2n—1
uy =D wlk), A= aulk),
k=0 k,1=0

where |u) € #,, and A € L(H,,).
The Pauli basis P(H,) in L(H,) is defined by

{&klkn}kh,k‘n 6{0,1,2,3}’ &klkn — &kl ® e ® OA.kn? (3)

where &g is the identity operator. It is obvious that the P(#H,) consists of 4"
elements. We will use compact notations like

OK = Oky..kn>

denoting the Pauli string ki ... k,, where kq, ..., k, € {0,1,2,3}, by the correspon-
ding capital letter K. In doing so, we will often consider K as a number, that is, as
the decimal representation of the string; it is clear that 0 < K < 4™ — 1. Note that
the Pauli string K and the element 7 of the Pauli basis are completely determined
by each other and, consequently, can be identified. For example, elements of the
standard basis are expressed in terms of the Pauli basis in Appendix Al on page 12.

It is useful to compare P(H,) with the standard basis. We have
Ok knOky.ky = 00..0, trog.o=2", tr 5k1...kn‘k1_.kn¢0._0 = 0. (4)

The Pauli basis is Hermitian, unitary, and orthogonal with respect to the inner
product (1). Note that the operator |k)(l| of the standard basis is not unitary,
and it is not Hermitian if k # [. The standard basis does not contain the identity

operator which has the form
on_1

> Ik

in that basis. In the Pauli basis, any operator U from the unitary group U(H.,)
(that is, UTU = 6. o) has an expansion of the form

U= E Uil...inail...in7 UT = E Uil...inail...in7

i1,..in€40,1,2,3} i1,...,in€{0,1,2,3}
where
E Ui iU i, =1, E Ui,..i,Uj . 4, = 0.
i1,in€{0,1,2,3} i15eesin, 31se-sdn €40,1,2,3)

(i15--in)# (G150 50n)

Note that the letter condition can be obviously decomposed into 227! (2” — 1)
independent conditions.
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3. Quantum states in the Pauli basis

A quantum state (a density operator) is a Hermitian, positive semidefinite (or
positive!, in short) operator of the form

an_1
R 1 R 1 R
P=n Z Uy Ok = S Z a0k, (5)
ki, kn €40,1,2,3} K=0
where ag, ., € R and
ap..o=1, l|ap. k| <1, Z (agy.k,)° < 2% (6)

ki,....,kn €{0,1,2,3}

The conditions (6) guarantee that p' = p, trp = 1, and trp? < 1. For quantum
computation, it is important that all coefficients in the state (5) are real and each
of them, except ag._ ¢, is exactly the result of a local measurement with one of the
basis operators (3), ax = ay,. k, = tr(p6k, .1, ). All the quantum (pure and mixed)
states constitute a convex set (closed manifold, since it is the preimage of 1 under
the map tr : H(H,) — R) of real dimension 4™ — 1 in the real linear manifold
S, C Span{P(H,)} = H(H,), while the pure states are placed on the boundary of
S,, and make up a real submanifold of dimension 27+! — 2.

Each element of P(#,) is idempotent (60 = d¢._0), so that the operators

v+ 000t 0k
K 2

are projectors. Thus, the observable 6 = Pt — P~ 6y is naturally reduced to
projective measurements. Using the operators PA’;, we can now prove the following
practically important proposition which seems to have not been considered in, at
least, the current literature.

Proposition 1. The condition |ag,. k,| < 1 in (6) follows from the positive definiteness
of the density operator (5) and the first condition in (6).

Note that Hermitian projectors P = pﬁﬁ’; = (pf(t)TfD; are positive operators
because of the obvious inequalities

A~ A -i- A
(ul P u) = (ul (Pg) P |u) > 0.

In general a Hermitian operator A€ AL(Hn) is positive if and only if there exists
some operator B € L(H,) such that A = BBT; moreover, B can be chosen to be
Hermitian [15]. It in turn implies that (A and p are positive)

tr(fl,é) = tr(BBTﬁ) = tr(éTﬁB) > 0,

IFor our purpose in this article, we do not need to distinguish between positive semidefinite
and positive definite operators.
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since BTﬁE is obviously positive. Thus,

1:|:CLK
2

so that —1 < ag < 1. The proof is complete. [

tr(Pip) = >0, (7)

As an example, we write down one of the practically useful states in the standard
basis and in the Pauli basis, namely, the three-qubit Greenberger-Horne-Zeilinger
state. Using the operator C NOT and the Hadamard operator Uj , which are defined
by relations (13) and (14) in Appendix A2, we can write the unitary transformation
of the initial state |000) to the GHZ3 state in the form

Ucanzs = (60 © CNOT) o (CNOT ® 60) o (Us @ 600),

from which it is easy to find

(1000){000] 4 [000)(111] + |111)(000] + [111){111|)

N —

Pcuz, =

—_

g(Uooo + 0111 — 0122 — 0212 — 0221 + 0033 + 0303 + 0330)-

4. Operations with Pauli strings

We will need a few facts and definitions related to the Pauli basis and to the set of
n-length Pauli strings,

Str, = {K =Fk1... kn}hy,. knc{0,1,23)

First, let us consider the set Fy = {0,1,2,3} as the Klein four-group with the
multiplication rules

Oxk =k, kxk=0, kxl=m,

where k,1,m € {1,2,3} and klm is any permutation of 123. Second, let the function
s:Fy xFy — {1,i,—i} be defined by its values

s(0,0) = s(0,k) = s(k,0) = s(k, k) =1, k=1,23,

s(1,2) =s(2,3) =s(3,1) =1, s(2,1) =5(3,2) =s(1,3) = —i.

Further, let the function S : Str,, x Str,, — {1,—1,4, —i}, (K, L) — Sk, be defined
as the product

SKL = 8(]{?1, ll)S(k'Q, 12) Ce S(kn, ln), K= klk'z Ce k’n, L= lllg c. ln

The function S is symmetric or antisymmetric depending on the number of pairs
(kr, 1) (ris a position in the strings K and L) such that k., . € {1,2,3} and k, # [,
and also depending on the relative ordering in them. Let wj; and wy; be the
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numbers of pairs of the forms (1,2), (2, 3), (3,1) and of the forms (2,1), (3,2), (1, 3)
respectively, and let wgy, = wj; + wgy. Then

. - S S
Spp = <Z>wKL(_1)wKL’ S(KL) = %(1 + (—1>wKL)7 S[KL] = %(1 - (_1)“’1{1;)7 (8)

where round and square brackets denote symmetrization and antisymmetrization,
respectively. The values of Skr,, S(kz), and Sjgz) are given in Table 2.

wgy, mod 4 0 2 0 2 1 3 1 3
Wy mod 2 0 1 1 0 0 1 1 0
Skr 1 1 -1 -1 i ? —1 -1
S(kr) 1 1 -1 -1 0 0 0 0
S[KL) 0 0 0 0 i i —1 —i

Table 1: The factors before 6, in (9) for 6x61, {6,061}, and [iGk,i07].

Now the composition of two Pauli basis elements and their anticommutator and
commutator can be written in the form of compact expressions that are convenient
for classical computer programming:

Ok = Skrom, {0k,01} = Sk)om, [i0k,i0L] = —Sik)0M, (9)
where
OM = Omy.m,, M1 =kixly, ... m, = ky*l,. (10)

Note that two Pauli strings of length n can commute, even if they have different
nonzero entries in some the same locations. For example, the three operators 611,
092, and 633 mutually commute. It is also easy to see that the unitary transition
matrix, transforming the standard basis {|i1...i,)(j1...jn|} into the Pauli basis,
consists of only the elements 0, +1, and +i. In particular,

1
00...0)(00...0 = o D Gipi
il,...,in€{0,3}
More generally, the standard orthogonal projectors can be expressed as
. . . . 1 i1 in A
i1 ) (i inliycony = o Z XE X0 Okyons
k1, kn€{0,3}

where
Xo=xXs=xXxo=1 x3=-L

Some important operators in the Pauli basis are written in Appendix A2 on page 14.
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The expressions (9) show, first, that the set {i6x }%—, makes up an orthonormal
basis in su(n). And, second, the set

P(H,) = {eox | K € Stry, € € {£1, £i}},

which consists of 4"*1 elements, is a group; it is called the (n-qubit) Pauli group.
The normalizer of the Pauli group,

C(Ha) = {U € UHa) | U6xU' € P(H,), 6x € P(Ha)},
is called the Clifford group. We have from 2, 4, and 10 the following proposition:

Proposition 2. The mutual unitary transformations of the Pauli basis operators obey
the relations 6, i, Ok,..k, 0i,..i, = 04, , where the plus sign takes place if and
only if the number of triples (imkmim)me{L...,n}; satisfying the conditions i,, # k,
im # 0, and k,, # 0, is even.

5. Algorithms for transition to the Pauli basis

In a standard basis and in the Pauli basis, we can express an operator Ae L(H,)
(for example, a unitary transformation, an observable, or a density operator) as

A= Z iy viiojn 1o In—1- - - 10){In—1- - - Jo|

0,0-in—1,J0,--dn—-1€{0,1}
1 .
= on E Sin—1...i0Tin—1...i>

i0,eenvin—1€{0,1,2,3}

or, in short,
2n—127—1 4n—1

A=  ayli)(l = 2% 12—: Sior. (11)

i=0 j=0

Thus, we deal with the problem of calculating the coefficients S; when the
coefficients a; are given; such an algorithm have recently been proposed [13]. Our
approach is based on the following observation: all coefficients a,;; with binary
strings ¢ = 4,,_1...%9 and 7 = J,_1 ... Jo, which have the same sum

k= (kn-1...ko)2 = (in—1-.-%)2® (Jn-1---Jo)2,
give nonzero contributions only to the terms of the form Sl(@j )&l, where [ is a
binary string [, _1...%, 0 <1 < 2" — 1, and the operators ; must be recalculated
to the form (11). It is straightforward (but cumbersome) to prove that the strings

I=1(kI) = [[Sk), . ,12(511]4, k=1i® j, in 67 are determined by

I=INk+2(INK)+3(IAK), (12)
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where a bar above a letter denotes the inversion 0 <+ 1 for each digit of the corre-
sponding binary string, and A denotes the logical operation OR. On the right hand
side in (12), we consider the resulting binary strings as base-4 numbers. For given
binary strings ¢ and j, the pseudocode of this procedure is written in Algorithm 1.

For example, summands

asi . . . A A . . A
ap10,001|010)(001| = 95 (0011 + 120012 — 10021 + 022 + 0311 + 10312 — 10321 + 0322),
001)(010] — ai2 (. o N A A N o A
ago1,010/001){010] = 5 (0011 — 10012 + 10021 + 022 + 0311 — 10312 + 10321 + 0322),
101 _ Q56 4 . A A A A A A
CL101,110| 0 ><110| = g(Uon — 10012 + 10021 + Op22 — 0311 + 10312 — 10321 — 0322),
_ Qrg g, o o N A Ca A N
a111,100/111)(100| = ?(0011 — 10012 — 10021 — Op22 — 0311 + 10312 + 10321 + 0322)

will contribute to the linear combination of 6'011, 5'012, (3'021, (3'022, (3'311, (3'312, 5'321,
and 5'322 with

k=010 001 = 001 ® 010 = 101 ¢ 110 = 111 & 100 = 011.

The elements of the Pauli basis emerging in (12) from these summands are shown
in Table 2. For example, if [ = 5 = (101),, then, in accordance with (12),

I®[5] = [(010)2 A (011)5], 4+ 2[(101)2 A (011)5], 4+ 3[(101)2 A (100)s],
= [010], +2[001], 4 3[100], = 312.

Next, as an example, the summand ay9;,110/101){110| = as6|5)(6] contributes iasq/2*
in S®[5], since there are the triples (lpigjo) = (110)2, (l1i15:) = (001),, and
(I2iaja) = (111)2 in Algorithm 1 (lines 17 — 26); therefore, sign =1, ¢ = 1.

l 0 1 2 3 4 5 6 7
lalilp 000 001 010 | 011 100 101 110 111
kokiko | 011 011 011 011 011 011 011 011

INk 011 010 001 | 000 | 011 | 010 | 001 000
INEk 000 | 001 010 | 011 000 | 001 010 | 011
INk 000 | 000 000 | 000 100 100 100 100

or o011 | Ooi2 | Oo21 | Oo22 | 0311 | 0312 | 0321 | 0322

Table 2: The elements of the Pauli basis emerging for £ = 011.
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Algorithm 1 Transformation to the Pauli basis.

Input the number of qubits n

Input strings i =4, 1...ip and j = J,_1...J0, is,Js € {0,1}
Input a complex number a;; — the factor in a;;|7)(j]|
//Make up the row number k =i @ j

Initialize string £ = null

for i, =ig,...,1,_1 do

for .js = jO) s 7jn—1 do
ks = is @js
end for

*

9: end for

10: Convert (k,—1...ko)s to int (k)1g

11: //For the number k, fill in two rows

12: Initialize S® by zero 2"-length complex-data-type vector

13: Initialize 7™ by null 2"-length string-data-type vector

14: Initialize int cntr and sign € {1, —1, i, —i} by arbitrary values
15: for [ =0to 2" — 1 do

16: Convert (1)19 to (ln—1...1lo)2

17: centr =0 and sign =1

18: for [y, =1y,...,l,_1 do

19: if [, == 1 then

20: if (is,js) == (1,1) then sign = —sign

21: if (is,7J5) == (0,1) then cntr = entr + 1

22: if (is,js) == (1,0) then sign = —sign, cntr = cntr + 1
23: end if

24: end for

25.  I®[I=IANk+2(INk)+3(IAK)

26: int ¢ = entr (mod4), SW[I] +=i°- sign - a;;
27: end for

28: Return the rows S® and 1%,

6. Conclusion

In this article, we have described a base technique for working with the Pauli basis.
It is shown that this technique can make more convenient and algorithmic some
manipulations with mathematical expressions related to quantum circuits with large
number of qubits. We have presented a new efficient algorithm with a polynomial
complexity for transition from the standard basis to the Pauli basis.
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A1l. The Pauli basis for n = 2

For reference, we give here expressions of the elements of the standard basis in Hs
in terms of the elements of the Pauli basis. Recall that such expressions in H; have

the form
o0 = 222 joyay = 2E o = 22 g = 20
100)(00] = 000 + 003 Z 030 + 033 , 101)(00] = 001 — 1002 Z 031 — 1032 ,
110Y(00] = 010 + 013 —42'5720 — 1023 ’ 11)(00] = 011 — 1012 ; 1091 — 022 7
100)(01] = 001 + 1002 Z 031 + 1032 ’ 01)(01] = 000 — 003 1‘ 030 — 033 ’
10)(01] = 011 + 1012 ; 1091 + 022 ’ 11)(01] = 010 — 013 —4i(320 + 1023 ’
100)(10] = 010 + 013 —|-4i5720 + 0093 | 01)(10] = 011 — 1012 Z 1021 + 022 ’
110)(10] = 000 + 003 ; 030 — 033 ’ 11)(10] = Jo1 — 1002 ; G31 + 1039 7
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?
4

6-11 + 7:6-12 + 7:(3-21 - 5‘22

01)(11| =

00)(11] =

001 + 1002 — 031 — 1039
4 )

11)(11] = 0p0 — 003 — 030 1+ 033 ‘

1011 = -

A2. Some unitary operators in the Pauli basis

The controlled-NOT operator:

6’00+(§'01 +(3'30 —0
2

CNOT = 2L —100)(00] + [01)(01| + [10)(11] 4 [11)(10], (13)

The controlled-phase operator:

CZ =
2

2 = 100)(00] + 01)(01] 4 |10)(10] — |11)(11].

It is well known that CNOT and CZ belong to the Clifford group C(Hz). It
is also known some sets of generators and canonical forms for operators of the
group C(H,) (see, e.g., [14]), but the number of elements in these groups grows
exponentially (in fact, slightly faster) with the growth of n: for example, C(H,)
is of order 24, and C(H,) is of order 11520. Therefore, there is the problem of
finding a practically suitable [16] set of unitary operators for building the Clifford
groups and the corresponding stabilizer formalism. Here we introduce the one-qubit
Hadamard operator U; , and pseudo-Hadamard operators U2_ , Uli and Uf, obeying
the relations (Uf:)Q = (U;E)Q = (Ugi)Q = 0¢. They are unitary and Hermitian, and
are defined by

oy Gatdy 1 . Z.

Ur==75 —ﬂ(i!0><0l [0)(L] + 4 1){0] F [1)(1]),

N

Uy = = —= (£ 0)0] + [0)(1] + [1){0] F [1)(1]), (14)

V2 V2

- 01+ 09 , :
Uf = = T/ 0)(1] £ eF /4 1)(0].
3 7 0)(1] 1){0]
They can be used for constructing unitary transformations &; <> £6; (i # j) and

Ute, Ut =+6;, UroUf=—6y, i#j#k i,5ke{1,23},
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or, in more detail,

- ~ Fri+ A~ = A T A~ = A TT4 ~
Ul O'QUl = :i:0'3, Ul O'3U1 = :|:O'2, Ul 0'1U1 = —01,
oA FrE A Frd A 7Tt A i A 7Tt A
UFo Uy = +64, UFoUF = 461, UfosUF = —6s.

Further, for the sake of uniformity, we denote &y by Us. Thus, for example, we can
choose the full set of generators for C(H,) in the form (U; = U;', i =1,2,3)

{007 Ula UQJ 03}

In the general case of P (H.,), a a full set of generators for the group C(H,,) constitute
operators of the form

A~ N ~

{Uzj...in =Uy®® Uin}il,...,z‘ne{o,m,s}'
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