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Abstract. The crossing number of a simple graph G is the minimum number of
edge crossings in any drawing of G in the plane. There are several classes of graphs
for which crossing numbers have been published. One of them is the Cartesian
product of two graphs. We give a new results by giving the exact values of crossing
numbers of Cartesian product of a few graphs of order eight with paths.
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1. Introduction

Let G be a simple, undirected and connected graph with set of vertices V' and
set of edges E. A mapping that assigns a point in the plane for each vertex and
for each edge a continuous curve between its two endpoints is called a drawing of
the graph G = (V, E). A crossing of two edges is the intersection of the interiors
of the corresponding curves. The crossing number, cr(G), of a graph G is the
minimum number of edge crossings in a drawing of G in the plane. The drawing
with minimum number of crossings must be a good drawing, that means, each two
edges have at most one point in common, which is either a common end-vertex or
a crossing and no three edges cross at the same point.

The search for formulas for minimal number of crossings was initated by Hun-
garian mathematician Pal Turan [8]. In 1940 he was sent to labor camp outside
Budapest. He worked in a brick factory. There were some kilns where the bricks
were made and some open storage yards where the bricks were stored. All the kilns
were connected to all the storage yards. The bricks were carried on small wheeled
trucks to the storage yards. He had to put the bricks on the trucks at the kilns,
push the trucks to the storage yards, and unload them there. The work was not
difficult but the problem was at the crossings. The trucks jumped the rails, and the
bricks fell out from them. He was ask: what is the minimal number of crossings?
Turan realized that the actual situation could have been improved, but the exact
solution of the general problem with m kilns and n storage yards seemed to be very
difficult.

In graph theory, we represented the kilns and storage yards by vertices and the
tracks by edges and we are asking what is the minimum number of crossings of the
complete bipartite graph K, , which has two sets of vertices, one with m vertices
and the other one with n vertices such, that each vertex in one set is joined to every
vertex in the other set.

Turan devised a drawing of K, , with [%J LmT’lJ L%J L”T’QJ crossings, but the
conjecture of Zarankiewicz [10] that such a drawing is the best possible, is still
opened. The crossing numberof K, ,, is proved for every n and for 1 < m < 6 [5].
In [9] Woodall publised that the crossing number of K, ,, is equal to Zarankiewicz
number for 7<m < 8 and 7 < n < 10.

Garey and Johnson proved that compute the crossing number for a given graph
is NP-complete problem [3]. The problem of determining the crossing number of a
given graph has been studied in graph theory and in computer science, VLSI-layout.

Cartesian products of two graphs are one of few graph classes for which the cros-
sing numbers were published. Cartesian product G10Gs of graphs Gy = (Vi, E)
and Gy = (V3, Es) is a graph with vertex set V' =V} x V5 and two vertices (vq, vs)
and (uy,uy) are adjacent in G100G5 if and only if either v; = u; and v, is adjacent
with ug in Gy or v9 = uy and vy is adjacent with uy in Gy.

Let C), be the cycle with n edges, P, be the paths with n edges and S,, be the
star with n edges. The crossing numbers for the Cartesian products of some specific
graphs G on four, five, six, seven vertices with cycles, paths and stars were studied.
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Besides of Cartesian product, there are join and strong products of two graphs for
which exact values of crossing numbers were determined.

In this paper we give an exact values of the crossing numbers of Cartesian
products of 27 graphs on eigth vertices and eight edges which contain a cycle C
(see Figure 1) with paths P,.
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Figure 1: Several 8-vertex graphs on 8 edges with 3—cycle

2. The crossing number of the Cartesian products of some

graphs with paths

Every graph G,;0P, contains n + 1 copies of the graph G;. An uppper bound for
the crossing number of the graph G;0P, is a number of crossings in a drawing of
G;0P,. On the other hand, if the graph G;0PF, contains a subgraph for which the
crossing number is known yet, we have a lower bound for the crossing number for
the graph G;0P,.

Theorem 1. Forn > 1,

) =cr(G30P,) =n—1,
(G4,0PR,) = cr(Gs0R,) = cr(GgOPR,) = cr(G;0OP,) = 2(n — 1),
( ) = ex(G1oBP,) = cr(GubP,) = 4(n — 1),
cr(G120P,) = cr(G130P,) = 6(n — 1),
(
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Proof: In Figures 2(a), 2(b), and 2(c) one can find the drawings of the graphs
G,0P,, G50OP,, and G30PF,. The edges of n—1 copies of the graphs G, G2, and G5
are crossed once, so the crossing number of G10P,, G30F,,, and G30P, is at most
n — 1. The drawings of the graphs G,0P,,, G50PF,, G¢OF,, and G;OP,, in which
the edges of n— 1 copies of subgraphs isomorphic to G4, G5, Gg, and G are crossed
twice are shown in Figures 2(d), 2(e), 2(f), and 2(g). So, cr(G40P,) < 2(n — 1),
cr(Gs0P,) < 2(n — 1), cr(GgOP,) < 2(n — 1), and cr(G;0P,) < 2(n — 1). The
drawings of the graphs GsOP,, GoOP,, G190P,, and G1;0F, with 4(n—1) crossings
are shown in Figures 2(h)-2(k). Thus, cr(GsOP,) < 4(n—1), cr(GoOP,) < 4(n—1),
cr(Go0FR,) < 4(n — 1), and cr(G1;0P,) < 4(n — 1). There are drawings of the
graphs G1,0P, and G130F, with 6(n — 1) crossings (see Figure 2(1) and 2(m)). So,
cr(G120P,) < 6(n—1) and cr(G130P,) < 6(n—1). There is a drawing of the graph
G140P, with 9(n — 1) crossings (see Figure 2(n)). So, cr(G140P,) < 9(n — 1).

Now, we find the lower bounds of crossing numbers cr(G;0P,) fori =1,...,14.
The graphs G, Go, and G5 contain the graph S3 as a subgraph. So, the Cartesian
products G;0PF,,, GoOP,, and G30PF, contain S30F, as a subgraph. It was proved
in [4] that cr(S30P,) = n — 1. It implies, that the crossing number of G;0P,,
G,OP,, and G30P, is at least n — 1. The graphs G4,0P,, G50P,, GgOPF,,, and
G-0OP, contain the graph S,;0F, as a subgraph. As cr(S40P,) = 2(n — 1) (see
[6]), cr(G4OP,) > 2(n — 1), er(G5s0OPR,) > 2(n — 1), cr(GgOP,) > 2(n — 1), and
also cr(G7;0P,) > 2(n —1). The graph S;0P, is a subgraph of the graphs GgOP,,
GoOP,, G1o0OP,, and G;10F,. As cr(S;0P,) = 4(n — 1) (see [1]), we have lower
bound for the crossing numbers of these graphs. The graphs G1,0P, and G30P,
contain the graph SgOP, as a subgraph and the graph G14,0P, contains the graph
S;0P, as a subgraph. It was proved in [1], that cr(S¢0P,) = 6(n — 1), and
cr(S70P,) = 9(n—1). So, the lower bounds 6(n —1), 6(n —1), and 9(n — 1) are for
the crossing numbers of the graphs G1,0PF,, G130PF,, and G140F,, respectively.

The upper and lower bounds of crossing numbers for graphs G,0PF, for i =
1,...,14 are the same. Thus, we get exact values of crossing numbers of correspon-
ding graphs. U

Theorem 2. For n > 1, cr(G1;0P,) = cr(Gs0PF,) = cr(G170P,) = cr(G1s0F,) =
= CI'(Glglen) = CI'(GQQDPn) = 2(7’L — 1)

Proof: The drawings of the graphs G1;0PF,, G1¢0F,, G1;0OP,, Gs0OPF,, G19OF,,
and GyOP, with 2(n — 1) crossings are shown in Figures 3(a) — (f). Thus,
cer(G;OP,) < 2(n — 1) for i = 15...,20. The graphs G5, Gi6, and Gi7 con-
tain the graph T (see Figure 5) as a subgraph and the graphs Gis, Gi9, and
(9o contain the subdivision of the graph T' (subdivision of the edge which is inci-
dent to the vertices of degree three). So, the graph TOP, or its subdivision is a
subgraph of the graphs G;0F,. It was published in [7], that cr(TOP,) = 2(n — 1).
Hence, the crossing numbers of graphs G;0PF, for ¢« = 16,...,21 are at least
2(n — 1). Thus, cr(G50P,) = cr(G0P,) = c(G70F,) = cr(Gs0P,) =



The crossing numbers of several graphs 29

(a) Gl DPn (b) G2 DPn (C) GgE'Pn (d) G4\:\Pn (6) G5 DPn
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U]
(f) GeD Py (9) G-BP, (h) GsOP, (i) GoOP, (j) G1oOP,
N .l N [
(k) G BPy (1) G120P, (m) G130P, (n) G1aOP,

Figure 2: Cartesian products G;0F, fort=1,...,14

-

(a) G150OP, (b) G160 P, (¢) G170P, (d) G1sOP, (e) G1oOP, (f) G20OP,

Figure 3: Cartesian products G;0P, for i = 15,...,20
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(a) G210P, (b) GooOP, (C) Go30P, (d) G4 0P,

.

(€) G2s 0P, (f) Ga6B P, (9) Go70P,

Figure 4: Cartesian products G;0F, for ¢ = 21,...,27

N <

Figure 5: The graph T

= cr(G1oOP,) = cr(Gy0OP,) =2(n — 1). O

Theorem 3. Forn > 1, cr(Gy0P,) = cr(GwOPR,) = cr(Gy30P,) = cr(GyOFR,) =
= cr(Gys0P,) = cr(GyOP,) = cr(Goy0F,) = 3(n — 1).

Proof: There are drawings of the graphs G910OP,,, G220OPF,, Go30OP,, Go,OP,,
G950P,, GoOP,, and G;0P, (see Figure 4(a)—(g)) with 3(n—1) crossings. Thus,
the crossing number for every graph G;0P,, i = 21,...,27 is at most 3(n—1). The
graph S (see Figure 6) is a subgraph of every graph G; for i = 21,...,27. So, the
graph SOP, is a subgraph of the graphs G;0P,. As cr(SOP,) = 3(n—1) (see [2]),
cr(G;0P,) > 3(n — 1) for every i = 21,...,27. This completes our proof. O

e NN

Figure 6: The graph S
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