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.1 Introduction

One of the main problems in the analysis of stochastic models of dynamic systems is
the determination of probability and statistical characteristics of underlying random
processes, particularly, the characteristics of solutions of the appropriate stochastic
differential equations. The functional dependence of the solutions of such equati-
ons on the random processes perturbing the system makes it necessary to use the
methods for analysing functionals defined on random process trajectories. Practical
application of these methods, in turn, requires the development of adequate approx-
imate approaches. For the numerical solution of stochastic differential equations,
they most frequently use the well-developed approach based on finite discretisa-
tion of the temporal interval and statistical modelling of the solution at discrete
moments of time [1, 2]. However, as a rule, the calculation of functionals defined
on the trajectories of solutions of stochastic differential equations requires the use
of the random process values in the entire domain of definition. In this case, the
efficiency of using the solution values found by means of statistical simulation at the
fixed moments of time determined by the discrete scheme is low efficient. Hence,
the problem of developing an alternative approach based on approximating the
process functionals as functionals defined on trajectories and applying the approxi-
mate methods of functional analysis is rather urgent. In particular, to calculate the
mathematical expectations of random processes determined by the solutions of sto-
chastic differential equations (in particular, when the explicit form of the solution
is known) one can efficiently use functional quadrature formulae similar to those
derived to calculate functional integrals (see [3, 4, 5]).

In the present paper, we derive the formulae of such type for calculating the
mathematical expectations of nonlinear functionals of random process, defined by
chaotic expansions in multiple stochastic Ito integrals. We study the case, rather
general and important for applications, namely, the functionals of the processes
having a continuous component and a discontinuous one (the functionals of Levy
processes). The consideration of this class of processes was motivated also by the
existence of the formula for a product of multiple stochastic integrals of Levy process
[6, 7], which was used to derive the approximate formula of the present work. The
authors of Refs. [8, 9] considered the application of chaotic expansions to the
calculation of mathematical expectations of some kinds of functionals of Wiener
and Poisson processes. There is a number of publications on chaotic expansions
of random process functionals in multiple stochastic integrals, including their use
in stochastic analysis, in different fields of physics, and in financial mathematics.
The definitions and information necessary for further considerations can be found
in [6, 7, 10, 11, 12].

The paper is organised as follows. In Section 2, we present the derivation of
the approximate formula. In Section 3, we estimate the accuracy of the derived
formula. In Section 4, we present the application of the formula to the stochastic
Skorokhod equation for Wiener process and illustrating numerical examples.
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.2 Derivation of approximate formula

Consider the random process Xt, t ∈ [0, 1], that allows the expansion in multiple
integrals [6, 7]

Xt =
N∑
n=0

In(xt,n), (1)

where In(xt,n) =
∫
U

(n)
∫
U

xt,n(u1, ..., un)dM(u1)...dM(un) is a random measure mul-

tiple integral on U = [0, 1] × R, M(U) =
1∫
0

1U(τ, 0)dWτ +
1∫
0

∫
R0

z1U(τ, z)dÑ(τ, z),

U ∈ B ([0, 1]×R0), R0 = R\{0}; B ([0, 1]×R0) is the Borel σ–algebra, Ñ is
the compensated random measure, determined by the equality Ñ ([0, τ ]× A) =
N ([0, τ ]× A) − τv(A) is the Poisson random measure, v(A) is the Levy measure
satisfying the condition

∫
R

(1 ∧ z2) dv(z) < ∞. Note that M defines the centred

integrable Levy process Yt = M ([0, t]×R0) = Wt +
t∫
0

∫
R0

zdÑ(τ, z).

The following formulae are valid [6, 7]

E [Xt1Xt2 ] =
N∑
n=0

n!

∫
U

(n)

∫
U

xt1,n(u1, ..., un)xt2,n(u1, ..., un)dλ(u1)...dλ(un), (2)

where E[ ] denotes the mathematical expectation,

In (xt1,n) Im (xt2,m) =
n∧m∑
k=0

(n∧m)−k∑
r=0

k!r!Ck
nC

k
mC

r
m−kC

r
n−kIn+m−2k−r

(
xt1,n⊗̂

r
kxt2,m

)
,

(3)
xt1,n⊗̂

r
kxt2,m denotes the symmetrisation of a function

xt1,n⊗̂
r
kxt2,m (u1, ..., un−k, v1, ..., vm−k−r) =

n−k∏
l=n−k−r+1

p2(ul)×∫
Uk

xt1,n

(
u1, ..., un−k−r, un−k−r+1, ..., un−k, un−k−r+1, ..., un−k, un−k+1, ..., un

)
×

xt2,m

(
v1, ..., vm−k−r, un−k−r+1, ..., un−k, un−k+1, ..., un

)
dλ(un−k+1)...dλ(un),

where ul = (τl, zl), p2(ul) = zl; the underlined symbols denote the variables to which
the operator p2(ul) = zl was applied; dλ(τ, z) = dτ on B (R× {0}), dλ(τ, z) =
z2v(dz)dτ on B (R2\(τ, 0)).
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From Eqs. (2), (3) it directly follows that

E [Xt1Xt2Xt3 ] =
k∑

n,m=0

n∧m∑
k=0

(n∧m)−k∑
r=0

k!r!Ck
nC

k
mC

r
m−kC

r
n−k(m+ n− 2k − r)!×

N∫
Un+m−2k−r

xt1,n⊗̂rkxt2,m (u1, ..., un−k, v1, ..., vm−k−r)×

xt3,n+m−2k−r (u1, ..., un−k, v1, ..., vm−k−r) dλ(u1)...dλ(un−k)dλ(v1, ..., vm−k−r). (4)

Let us write Eq. (4) in the explicit form for the case Xtj =
N∑
n=0

In
(
xtj ,n

)
, N = 2;

j = 1, 2, 3:

E [Xt1Xt2Xt3 ] ≈ xt1,0xt2,0xt3,0+

xt1,0

2∑
k=1

k!

∫
Uk

xt2,k(u1, ..., uk)xt3,k(u1, ..., uk)dλ(u1)...dλ(uk)+

xt2,0

2∑
k=1

k!

∫
Uk

xt1,k(u1, ..., uk)xt3,k(u1, ..., uk)dλ(u1)...dλ(uk)+

xt3,0

2∑
k=1

k!

∫
Uk

xt1,k(u1, ..., uk)xt2,k(u1, ..., uk)dλ(u1)...dλ(uk)+

2

∫
U2

xt1,1(u1)xt2,2(u1, u2)xt3,1(u2)dλ(u1)dλ(u2)+

2

∫
U2

xt1,1(u1)xt2,1(u2)xt3,2(u1, u2)dλ(u1)dλ(u2)+

2

∫
U2

xt1,2(u1, u2)xt2,1(u2)xt3,1(u2)dλ(u1)dλ(u2)+
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∫
U

p2(u)xt1,1(u)xt2,1(u)xt3,1(u)dλ(u)+

2 · 2!

∫
U2

p2(u1)xt1,1(u1)xt2,2(u1, v1)xt3,2(u1, v1)dλ(u1)dλ(v1)+

2 · 2!

∫
U2

p2(u2)xt1,2(u1, u2)xt2,1(u2)xt3,2(u1, u2)dλ(u1)dλ(u2)+

2 · 2!

∫
U2

p2(u1)xt1,2(u1, u2)xt2,2(u2, u1)xt3,1(u1)dλ(u1)dλ(u2)+

2 · 2 · 2!

∫
U3

xt1,2(u1, u2)xt2,2(u2, v1)xt3,2(u1, v1)dλ(u1)dλ(u2)dλ(v1)+

(2!)2
∫
U2

p2(u1)p2(u2)xt1,2(u1, u2)xt2,2(u1, u2)xt3,2(u1, u2)dλ(u1)dλ(u2).

Let us introduce the notations

x1(t) = xt,n

(
u1, ..., un−k−r, un−k−r+1, ..., un−k, un−k−r+1, ..., un−k, un−k+1, ..., un

)
,

x2(t) = xt,m

(
v1, ..., vm−k−r, un−k−r+1, ..., un−k, un−k+1, ..., un

)
,

x3(t) = xt,n+m−2k−r (u1, ..., un−k, v1, ..., vm−k−r) .

The construction of the approximate formula considered in the theorem below
is based on the requirement of its exactness for cubic functional polynomials of the
process trajectories (see. [3, 4]), i.e., the functionals having the form

P3

(
X(·)

)
= a0 +

3∑
k=1

∫
[0,T ]

(k)

∫
[0,T ]

ak(t1, ..., tk)
k∏
l=1

Xtldt1...dtk,

where a0 is a constant, ak(t1, ..., tk), k = 1, 2, 3 are given deterministic functions.
We assume that the considered functionals of the process trajectories can be ap-
proximated by functional polynomials sufficiently well (see Eq. (6) in Section 2).

Theorem 1. Let the functions xt(u1, ..., un) in the expansion (1) be differentiable with

respect to t, f0(u1, ..., un) 6= 0, fs(u1, ..., un) 6= 0. Then the following approximate
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formula, exact for symmetric functional cubic polynomials X(·) is valid,

E
[
F
(
X(·)

)]
≈ JN

(
F
(
X(·)

))
≡

N∑
n,m=0

n∧m∑
k=0

(n∧m)−k∑
r=0

Cn,m,k,r×

2∑
k=1

Ak

∫
Un+m−k−r

n−k∏
l=n−k−r+1

p2(ul)Jn,m,k,r (F (·), ck, u, v, y, z) dλ(u1)...dλ(un−k−r)×

dλ(v1)...dλ(vm−k−r)dλ(y1)...dλ(yk)dλ(z1)...dλ(zr)+

N∑
n=0

bn

∫
Un

∆F
(
b
− 1

2
n x·,n(u1, ..., un)

)
dλ(u1)...dλ(un) + F (0)(1−B), (5)

where

Jn,m,k,r(F ) =

−
∫ 1

0

∫ 1

0

ΛF

(
ckx2(·)

(
∂

∂s

(
x1(s)

x2(s)

)
∂

∂τ

(
x3(τ)

x2(τ)

))1/3

1[0,·](s)1[·,1](τ)

)
dsdτ−

x1(0)

x2(0)

∫ 1

0

ΛF

(
ckx2(·)

(
∂

∂s

(
x3(s)

x2(s)

))1/3

1[·,1](s)

)
ds+

x3(1)

x2(1)

∫ 1

0

ΛF

(
ckx2(·)

(
∂

∂s

(
x1(s)

x2(s)

))1/3

1[0,·](s)

)
ds+

x1(0)

x2(0)

x3(1)

x2(1)
ΛF (ckx2(·)) ,

if there are no coincident elements among x1(t), x2(t), x3(t);

Jn,m,k,r(F ) =

∫ 1

0

ΛF

(
ckx2(·)

(
∂

∂s

(
x3(s)

x2(s)

))1/3

1[0,·](s)

)
ds+

x1(0)

x2(0)
ΛF (ckx2(·)) ,

if x1(t) ≡ x2(t),

Jn,m,k,r(F ) =

∫ 1

0

ΛF

(
ckx2(·)

(
∂

∂s

(
x3(s)

x2(s)

))1/3

1[·,1](s)

)
ds+

x3(1)

x2(1)
ΛF (ckx2(·)) ,

if x3(t) ≡ x2(t); Jn,n,n,n(F ) = ΛF (ckx1(·)); Cn,m,k,r = k!r!Ck
nC

k
mC

r
m−kC

r
n−k(m+n−

2k − r)!, Ck
n is the combination of n elements taken k at a time; F (·) denotes the

expression determined by the operator Jn,m,k,r; Ak, ck, k = 1, 2, 3 are the constants

that satisfy the system of equations A1c1 + A2c2 = 0, A1c
3
1 + A2c

2
2 = 1; ∆F (f) =

1
2

(F (f) + F (−f)), B =
N∑
n=0

bn, bn > 0.

The theorem is proved by direct calculation of the left-hand side of Eq. (5) and
the right-hand one for the functionals F

(
X(·)

)
= const, F

(
X(·)

)
= Xt, F

(
X(·)

)
=
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Xt1Xt2 , F
(
X(·)

)
= Xt1Xt2Xt3 . Note that in this case all integrals in the right-hand

side are calculated exactly. Since the triple sum resulting from the expansion of the
monomial Xt1Xt2Xt3 factors in the series (1) can be presented as a sum of blocks,
consisting of the sums

∑
{n,m,p}, in which the set of indices {n,m, p} is fixed and

the summation is executed over all possible permutations within this set, the result
of calculation in the right-and side of Eq.(5) is independent of the order of t1, t2, t3.
Therefore, in the calculation of individual terms in Eq. (5) it is sufficient to assume
t1 ≤ t2 ≤ t3.

Note. If the initial process expands in an infinite series, the approximately exact
formulae are considered, in which a finite segment of the chaotic expansion is used.

.3 Accuracy estimation for the derived approximate formula

Here and below, we use the class of functionals that allow representation in the
form

F
(
X(·)

)
= F (0) +

3∑
k=1

1

k!

∫
[0,T ]

(k)

∫
[0,T ]

Ak(t1, ..., tk)
k∏
l=1

Xtldt1...dtk+

1

3!

1∫
0

(1− τ)3
∫

[0,T ]

(4)

∫
[0,T ]

G
(
τX(·), t1, ..., t4

) 4∏
l=1

Xtldt1...dt4. T < 1, (6)

where Ak(t1, ..., tk) are symmetrised deterministic functions.
Such representation is possible, e.g., for some functionals that have functional

derivatives up to the fourth order inclusively, in correspondence with the functional
Taylor theorem

F
(
X(·)

)
= F (0) +

3∑
k=1

1

k!

∫
[0,T ]

(k)

∫
[0,T ]

F (k)
(
X(·), t1, ..., tk

) k∏
l=1

Xtldt1...dtk+

1

3!

1∫
0

(1− τ)3
∫

[0,T ]

(4)

∫
[0,T ]

F (4)
(
τX(·), t1, ..., t4

) 4∏
l=1

Xtldt1...dt4,

F (k)
(
X(·), t1, ..., tk

)
is a functional derivative of F . In particular, the functionals

having the form F
(
X(·)

)
= g

(
T∫
0

α(t)Xtdt

)
belong to this class, where g(u), u ∈ R

is a deterministic function having the derivatives of the fourth order.
Let us introduce the notation:

c(N) =
N∑

n1=1

N∑
n2=1

n1∧n2∑
k1=0

(n1∧n2)−k1∑
r1=0

(a(n1, n2, k1, r1))
2 (n1 + n2 − 2k1 − r1)!

22(n1+n2)(n1!n2!)2
,

a(n,m, k, r) = k!r!Ck
nC

k
mC

r
n−kC

r
m−k.
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Theorem 2. Let the functional F
(
X(·)

)
allow the representation (6), where

sup
τ∈[0,1],t1,...,t4∈[0,T ]

∣∣G (τX(·), t1, ..., t4
)∣∣ ≤ A ≡ const, sup

t∈[0,T ]
|xt,n| ≤ 1/(n!2n).

Then the estimate

|R| =
∣∣E [F (X(·)

)]
− JN

(
F
(
X(·)

))∣∣ < T 4 1

4!
A

(
c(N) +

N∑
n=0

b−1n (n!2n)−4

)
(7)

is valid.

Proof. Using Eq. (6) and the fact that the formula is exact for symmetric functional

cubic polynomials, let us estimate the error R = E
[
F
(
X(·)

)]
− JN

(
F
(
X(·)

))
:

|R| ≤ 1

3!

1∫
0

(1− τ)3
∫

[0,T ]

(4)

∫
[0,T ]

[∣∣∣∣∣E
[
G
(
τX(·), t1, ..., t4

) 4∏
l=1

Xtl

]∣∣∣∣∣ +

∣∣∣∣∣JN
(
G
(
τX(·), t1, ..., t4

) 4∏
l=1

Xtl

)∣∣∣∣∣
]
dt1...dtkdτ ≤

(we use the inequality |ab| ≤ 1
2
(a2 + b2), which is valid for any real numbers)

≤ 1

4!
A

1

2

∫
[0,T ]

(4)

∫
[0,T ]

E
[
(Xt1Xt2)

2 + (Xt3Xt4)
2] dt1...dtk +

∫
[0,T ]

(4)

∫
[0,T ]

∣∣∣∣∣JN
(

4∏
l=1

Xtl

)∣∣∣∣∣ dt1...dtk
 ≡ 1

4!
A(R1 +R2).

Then we have

In1 (xt1,n1) In2 (xt2,n2) =

n1∧n2∑
k1=0

(n1∧n2)−k1∑
r1=0

k1!r1!C
k1
n1
Ck1
n2
Cr1
n1−k1C

r1
n2−k1In1+n2−2k1−r1

(
xt1,n1⊗̂

r1
k1
xt2,n2

)
≡

n1∧n2∑
k1=0

(n1∧n2)−k1∑
r1=0

a(n1, n2, k1, r1)In1+n2−2k1−r1
(
xt1,n1⊗̂

r1
k1
xt2,n2

)
,

E
[
(Xt1Xt2)

2] =
N∑

n1=1

N∑
n2=1

n1∧n2∑
k1=0

(n1∧n2)−k1∑
r1=0

(a(n1, n2, k1, r1))
2 (n1 + n2 − 2k1 − r1)!×∫

Un1+n2−2k1−r1

(
xt1,n1⊗̂

r1
k1
xt2,n2

)2
dλ(u1)...dλ(un1+n2−2k1−r1)
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and the analogous expression for E
[
(Xt3Xt4)

2].
Due to the assumption of the theorem we have sup

t∈[0,T ]
|xt,n| ≤ 1/(n!2n), we have

E
[
(Xt1Xt2)

2] ≤ N∑
n1=1

N∑
n2=1

n1∧n2∑
k1=0

(n1∧n2)−k1∑
r1=0

(a(n1, n2, k1, r1))
2 (n1 + n2 − 2k1 − r1)!

22(n1+n2)(n1!n2!)2
,

and then R1 ≤ T 4c(N); Jn,m,r

(
4∏
l=1

Xtl

)
= 0, since the functional is even and due

to the action of the operator Λ,∣∣∣∣∣J
(

4∏
l=1

Xtl

)∣∣∣∣∣ =

∣∣∣∣∣∣
N∑
n=0

bn

∫
Un

b−2n

4∏
l=1

xtl,n(u1, ..., un)dλ(u1)...dλ(un)

∣∣∣∣∣∣ ≤
N∑
n=0

b−1n (n!2n)−4.

R2 =

∫
[0,T ]

(4)
...

∫
[0,T ]

∣∣∣∣∣J
(

4∏
l=1

Xtl

)∣∣∣∣∣ dt1...dtk ≤ T 4 1

4!
A

(
c+

N∑
n=0

b−1n (n!2n)−4

)
.

From the obtained estimates for R1, R2 the statement of the theorem follows.

Note that the series in the right-hand side of Eq. (7) converges at N →∞.

.4 Application to the stochastic Skorokhod equation

A natural class of stochastic differential equations to which the approximate formu-

lae of the considered type could be applied is the Skorokhod class of equations, for

which the expansion in multiple Ito-Wiener integrals is used directly in the formula-

tion of the equations themselves. However, when the solutions of such equations are

presented as a chaotic series, the division-by-zero singularities arise in the multiple

integrals of the coefficient functions. Therefore, direct application of the formulae

derived above is impossible. Below by the example in which the chaotic expansion

in Ito-Wiener multiple integrals (a particular case of Ito-Levy integrals) is used, we

demonstrate a modification of the approximate formula, in which this singularity

is eliminated. Consider the calculation of the mathematical expectation for the

functionals of the solution of linear equation with the Skorokhod integral on the

Wiener process with the initial condition in the form of stochastic expansion with

the fixed number of terms. Generally, the solution of the Skorokhod equation

Xt = Gt +

∫ t

0

α(s)XsδMs,

where α(s) is a deterministic function, Gt =
∑N

n=0 In (gn(·, t)), Mt is the mar-

tingale, can be presented in the form (see [13]) Xt =
∑∞

n=0 In (fn(·, t)), where
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fn(·, ∗, t) = gn(·, ∗, t) +
(
fn−1(·, ∗)α(∗)1[0,t](∗)

)sym
for 1 ≤ n ≤ N , and fn(·, ∗, t) =(

fn−1(·, ∗)α(∗)1[0,t](∗)
)sym

for n > N , f0(t) = g0(t); the symbol “∗” represents n−2

variables, (g)sym means the symmetrisation of the function with respect to all va-

riables. Without loss of generality, for the representation of the abovementioned

modification of the method it is sufficient to consider the case when Mt = Wt,

t ∈ [0, 1] is a Wiener process, Gt = g0(t) + I1 (f1(t)): xt,0 = g0(t), and four first

terms of the chaotic expansion are used. The relevant coefficient functions of the

expansion in this case have the form

xt,0 = g0(t), xt,1(u1) = gt,1(u1) + g0(u1)α(u1)1[0,t](u1)

xt,2(u2, u3) =
(
g1(u2, u3)α(u3)1[0,t](u3) + g0(u2)α(u2)α(u3)1[0,u3](u2)1[0,t](u3)

)sym
,

xt,3(u1, u2, u3) =
(
g1(u1, u2)α(u2)α(u3)1[0,u3](u2)1[0,t](u3)+

g0(u1)α(u1)α(u2)α(u3)1[0,u2](u1)1[0,u3](u2)1[0,t](u3)
)sym

.

Let us present the form of the approximating expression in Eq. (5) for the case

of Wiener process, corresponding to the following integral in the expression for the

third-order moment at t1 ≤ t2 ≤ t3:∫
[0,1]3

xt1,1(u1)xt2,2(u2, u3)xt3,3(u1, u2, u3)du1du2du3.

We introduce the notations x1(t) = xt,1(u1), x2(t) = xt,2(u2, u3), x3(t) =

xt,3(u1, u2, u3). Note that xt,2(u2, u3) = 0 for t < u2 ∧ u3, and xt,2(u2, u3) 6= 0

for t ≥ u2 ∧ u3; xt,3(u1, u2, u3) = 0, when t < u1 ∧ u2 ∧ u3, and xt,3(u1, u2, u3) 6= 0

for t ≥ u1 ∧ u2 ∧ u3. With this remark taken into account, the required modified

approximating expression has the form

J1,2,3(F ) ≡

−
1∫

u2∧u3

1∫
u2∧u3

ΛF

(
ckx2(·)

(
∂

∂s

(
x1(s)

x2(s)

)
∂

∂τ

(
x3(τ)

x2(τ)

)) 1
3

1[u2∧u3,·](s)1[·,1](τ)

)
dsdτ−

x1(u2 ∧ u3)
x2(u2 ∧ u3)

1∫
u2∧u3

ΛF

(
ckx2(·)

(
∂

∂s

(
x3(τ)

x2(τ)

))1/3

1[·,1](τ)

)
dτ+

x3(1)

x2(1)

1∫
u2∧u3

ΛF

(
ckx2(·)

(
∂

∂s

(
x1(s)

x2(s)

))1/3

1[u2∧u3,·](s)

)
ds+

x1(u2 ∧ u3)
x2(u2 ∧ u3)

x3(1)

x2(1)
ΛF (ckx2(·)) .
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Let us check the accuracy of approximation for the functional

F (y(·)) = y(t1)y(t2)y(t3):

J1,2,3(F ) = −c3k
3∏
j=1

x2(tj)

t1∧t2∧t3∫
u2∧u3

∂

∂s

(
x1(s)

x2(s)

)
ds

1∫
t1∨t2∨t3

∂

∂τ

(
x3(τ)

x2(τ)

)
dτ−

x1(u2 ∧ u3)
x2(u2 ∧ u3)

c3k

3∏
j=1

x2(tj)

1∫
t1∨t2∨t3

∂

∂s

(
x3(τ)

x2(τ)

)
dτ+

x3(1)

x2(1)
c3k

3∏
j=1

x2(tj)

t1∧t2∧t3∫
u2∧u3

∂

∂s

(
x1(s)

x2(s)

)
ds+

x1(0)

x2(0)

x3(1)

x2(1)
c3k

3∏
j=1

x2(tj) =

c3k

3∏
j=1

x2(tj)

(
x1(t̄1)

x2(t̄1)
− x1(u2 ∧ u3)
x2(u2 ∧ u3)

)(
x3(1)

x2(1)
− x3(t̄3)

x2(t̄3)

)
−

c3k
x1(u2 ∧ u3)
x2(u2 ∧ u3)

3∏
j=1

x2(tj)

(
x3(1)

x2(1)
− x3(t̄3)

x2(t̄3)

)
+

c3k
x3(1)

x2(1)

3∏
j=1

x2(tj)

(
x1(t̄1)

x2(t̄1)
− x1(u2 ∧ u3)
x2(u2 ∧ u3)

)
+ c3k

x1(u2 ∧ u3)
x2(u2 ∧ u3)

x3(1)

x2(1)

3∏
j=1

x2(tj) =

c3kxt1,1(u1)xt2,2(u2, u3)xt3,3(u1, u2, u3).

Numerical results. Consider the numerical examples, illustrating the appli-

cation of the derived formulae.

Example 1. Assume that in the expansion (1) U = [0, 1] × [0, 1], dv(z) =

δ{1}(z) is the Dirac measure at the point z = 1; dλ(τ, z) = dτ on B([0, 1] × {0}),
dλ(u) = dλ(t, z) = z2δ{1}(z)dt = δ{1}(z)dt on B([0, 1]2\(τ, 0)). The Levy process in

this case has the form Yt = M([0, t] × (0, 1]) = Wt +
t∫
0

∫
(0,1]

zdÑ(τ, z) = Wt + P̃t,

where P̃t = Pt − t is a centred Poisson process with the intensity 1. We calculate

the mathematical expectation

E
[
F
(
X(·)

)]
= E

[
(1 + λXt)

4] , (8)
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whereXt = I1(xt,1)+I2(xt,2), I1(xt,1) =
∫
U

xt,1(u)dM(u) =
1∫
0

xt,1(s)dWs+
1∫
0

xt,1(s)dP̃s,

I2(xt,2) =

∫
U2

xt,2(u1, u2)dM(u1)dM(u2) =

1∫
0

1∫
0

xt,2(s1, s2)dWs1dWs2+

1∫
0

1∫
0

xt,2(s1, s2)dWs1dP̃s2 +

1∫
0

1∫
0

xt,2(s1, s2)dP̃s1dWs2 +

1∫
0

1∫
0

xt,2(s1, s2)dP̃s1dP̃s2 .

As an example, we consider the functions xt,1(s) = f 2
t (s), xt,2(s1, s2) = ft(s1)ft(s2),

for which the calculation of powers of multiple stochastic integrals reduces to the

calculation of polynomials of the powers of single integrals, and one can find an

exact value of the mathematical expectation (8). Indeed, in this case

Xt = I1(xt,1) + I2(xt,2) =

 1∫
0

f 2(s)dWs +

 1∫
0

f 2(s)dWs

2

−
1∫

0

f 2(s)ds

+


 1∫

0

f(s)dPs

2

−
1∫

0

f 2(s)ds

+ 2

 1∫
0

f(s)dWs

 1∫
0

f(s)dPs

 .

Using the formula

E

 1∫
0

g(s)dWs

n = (2k − 1)!!

 1∫
0

g2(s)ds

k

for n = 2k (9)

(this expectation is zero for odd n) and the formula [7]

E


 T∫

0

ft(u)dP̃ (u)

n+1
 =

n−1∑
k=0

(
n

k

) T∫
0

fn−k+1
t (u)duE


 T∫

0

ft(u)dP̃ (u)

n+1
 ,

introducing the notation I2 =
1∫
0

f 2(s)ds, we arrive at the following exact values:

E
[
X2
t

]
= 2I4 + 8I22 , E

[
X3
t

]
= I6 + 24I4I2 + 28I23 + 64I32 ,

E
[
X4
t

]
= I8 + 30I6I2 + 68I5I3 + 44I24 + 516I23I2 + 357I42 + 147I4I

2
2 ,

and then the exact values of the expectation (8).
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Table 1: Exact and approximate values for the function ft(s) = 1+ ts for A1 = 1/3,

A2 = 1/6, c1 = 1, c2 = 2, λ = 4!

t 0.1 0.3 0.5 0.7 0.9

Exact. 1.18521 1.29283 1.45708 1.7043 2.31586

Approx. 1.1725 1.26567 1.40156 1.59563 1.8676

Example 2. Assume that in Eq. (1) Yt = Wt i.e., consider a Wiener process.

Let us calculate the mathematical expectation

E
[
F
(
X(·)

)]
= E [exp{λXt}] , t ∈ [0, 1], 0 < λ < 1/2,

where Xt = I1(xt,1) + I2(xt,2), I1(xt,1) =
∫
U

xt,1(u)dM(u) =
1∫
0

xt,1(s)dWs,

I2(xt,2) =
∫
U2

xt,2(u1, u2)dM(u1)dM(u2) =
1∫
0

1∫
0

xt,2(s1, s2)dWs1dWs2 , xt,1(s) = f 2
t (s),

xt,2(s1, s2) = ft(s1)ft(s2). The exact value of this expectation is calculated using

Eq. (9), because I2(xt,2) =
1∫
0

1∫
0

ft(s1)ft(s2)dWs1dWs2 =

(
1∫
0

ft(s)dWs

)2

−
1∫
0

f 2
t (s)ds,

and is equal to

E [exp{λXt}] = (1− 2λa)−1/2 exp

{
λ2a

2(1− 2λa)
− λa

}
, a = 1 + t+ t2/3. (10)

The expectation values for the function ft(s) = 1 + ts calculated using Eq. (10)

and the approximate Eq. (5) with the same values of the parameters A1, A2, c1,

c2, as in the previous example, for λ = 0.1 are presented in Table 2.

Table 2: Exact and approximate values for the function ft(s) = 1+ ts for A1 = 1/3,

A2 = 1/6, c1 = 1, c2 = 2, λ = 0.1

t 0.1 0.3 0.5 0.7 0.9

Exact. 1.02163 1.03116 1.0446 1.0636 1.09062

Approx. 0.9966 1.01003 1.03057 1.0601 1.10097

The above numerical results demonstrate the accuracy of the approximation that

agrees with the accuracy of the formulae exact for cubic functional polynomials in

a given time interval, which allows using the derived approximate formulae in com-

posite ones. The composite approximate formulae have been invented and widely

used in the papers devoted to the computation of functional integrals (see [3, 4, 5]).

The formulae of this structure, possessing the property of exactness for the functi-

onal polynomials of the fixed power, converge to the exact value of the integral
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in the specified class of integrable functionals. In the above references the compo-

site formulae were obtained for functional integrals with the measures, generated by

different classes of random processes (i.e., the mathematical expectations of the pro-

cess realisations), including a wide class of processes with independent increments,

as well as the solutions of some kinds of stochastic differential equations. From the

computational point of view, the main feature of this type of composite formulae

is the separation of the computation algorithm into two independently acting ope-

rators. The first one computes the mathematical expectations of the deterministic

functions approximating the initial functional and depending on a finite number of

random functionals with known mutual distributions. The second one provides the

accuracy of the formula for the functional polynomials. Note that the construction

of the composite formulae for mathematical expectations of functionals, defined by

the expansions in multiple stochastic integrals requires the approximations of the

multiple stochastic integrals on Levy processes. In the case of Wiener and Poisson

processes, the corresponding approximations can be found, e.g., in [1, 2].

.5 Conclusions

To calculate the mathematical expectation of random process functionals, represen-

table by chaotic expansion in multiple stochastic Ito-Levy integrals we constructed

an approximate formula that yields an exact result for functional polynomials of

the process. We estimated the error of the derived approximate formula for the

class of functionals that allow the representation as a sum of a cubic functional

polynomial and a homogeneous polynomial of the fourth power with the bounded

random coefficient function. The constructed formula is modified to calculate the

mathematical expectation of functionals of the solution of linear stochastic equa-

tion with Skorokhod integral for the Wiener process with the initial condition in the

form of a stochastic expansion with the fixed number of terms. Numerical examples

illustrating the application of the derived formula are presented. The elaborated

method gives a new useful tool for numerical integration with a required accuracy

of stochastic differential equations which are reduced to the Skorokhod class of

equations.

.References

[1] Kloeden P.E. and Platen E.P. Numerical Solution of Stochastic Differential

Equations. 1999, Springer.

[2] Kuznetsov D.F. Numerical Integration of Stochastic Differential Equations. 2.

2006, Saint-Petersburg: Izd-vo Politekhn. Un-ta. 764 p. (in Russian)



Approximate Formula for Mathematical Expectations 15

[3] Egorov A.D., Sobolevsky P.I. and Yanovich L.A. Functional integrals: Approx-

imate evaluations and applications. 1993, Kluwer Academic Publishers.

[4] Egorov A.D., Zhidkov E.P. and Lobanov Yu.Yu. Introduction to the Theory

and Applications of Functional Integration. 2006, Moscow: Fizmatlit. 400 pp.

(in Russian)

[5] Egorov A.D. and Sabelfeld K. Approximate formulas for expectations of functi-

onals of solutions to stochastic differential equations. Monte Carlo Methods

and Applications. 2009, 18, pp. 95–127.

[6] Juh-Jia Lee and Hsin-Hung Shih. The product formula of multiple Levy-Ito

integrals. Bulletin of the Institute of mathematics Academia Sinica. 2004, 32,

2, pp. 71–95.

[7] Privault N. Stochastic Analysis in Discrete and Continuous Settings. With

Normal Martingale. 2009, Springer.

[8] Ayrjan E.A., Egorov A.D. and Sevastianov L.A. On one approach to the calcu-

lation of mathematical expectations of random functionals. Vesti NAN Belarusi.

Ser fiz.-mat. nauk. 2014, 2, pp. 21–26 (in Russian).

[9] Egorov A.D. On approximate formulae for calculating one class of functionals

of a Poisson process. Vestsi NAN Belarusi. Ser. fiz.-mat. navuk. 2017, 1, pp. 7–

13 (in Russian).

[10] Ito K. Spectral type of the shift transformation of differential processes with

stationary increments Trans. Amer. Math. Soc. 1956, 81, pp. 253–263.

[11] Lokka A. Martingale representation of functionals of Levy processes. Stoch.

Anal. Applns. 2004, 22, pp. 867–892.

[12] Renaud J. F and Remillard B. Malliavin calculus and Clark-Ocone for-

mula for functional of a square-integrable Levy process. 25 Jul 2007. pp. 1–30

(arXiv:0707.3734v1 [math.PR])

[13] Ma J., Protter Ph. and San Martin J. Anticipating integrals for a class of

martingales Bernoulli. 1998, 4, 1, pp. 81–114.

https://arxiv.org/abs/0707.3734

	Introduction
	Derivation of approximate formula
	Accuracy estimation for the derived approximate formula
	Application to the stochastic Skorokhod equation
	Conclusions

