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1. Introduction

One of the main problems in the analysis of stochastic models of dynamic systems is
the determination of probability and statistical characteristics of underlying random
processes, particularly, the characteristics of solutions of the appropriate stochastic
differential equations. The functional dependence of the solutions of such equati-
ons on the random processes perturbing the system makes it necessary to use the
methods for analysing functionals defined on random process trajectories. Practical
application of these methods, in turn, requires the development of adequate approx-
imate approaches. For the numerical solution of stochastic differential equations,
they most frequently use the well-developed approach based on finite discretisa-
tion of the temporal interval and statistical modelling of the solution at discrete
moments of time [1, 2]. However, as a rule, the calculation of functionals defined
on the trajectories of solutions of stochastic differential equations requires the use
of the random process values in the entire domain of definition. In this case, the
efficiency of using the solution values found by means of statistical simulation at the
fixed moments of time determined by the discrete scheme is low efficient. Hence,
the problem of developing an alternative approach based on approximating the
process functionals as functionals defined on trajectories and applying the approxi-
mate methods of functional analysis is rather urgent. In particular, to calculate the
mathematical expectations of random processes determined by the solutions of sto-
chastic differential equations (in particular, when the explicit form of the solution
is known) one can efficiently use functional quadrature formulae similar to those
derived to calculate functional integrals (see [3, 4, 5]).

In the present paper, we derive the formulae of such type for calculating the
mathematical expectations of nonlinear functionals of random process, defined by
chaotic expansions in multiple stochastic Ito integrals. We study the case, rather
general and important for applications, namely, the functionals of the processes
having a continuous component and a discontinuous one (the functionals of Levy
processes). The consideration of this class of processes was motivated also by the
existence of the formula for a product of multiple stochastic integrals of Levy process
[6, 7], which was used to derive the approximate formula of the present work. The
authors of Refs. [8, 9] considered the application of chaotic expansions to the
calculation of mathematical expectations of some kinds of functionals of Wiener
and Poisson processes. There is a number of publications on chaotic expansions
of random process functionals in multiple stochastic integrals, including their use
in stochastic analysis, in different fields of physics, and in financial mathematics.
The definitions and information necessary for further considerations can be found
in [6, 7, 10, 11, 12].

The paper is organised as follows. In Section 2, we present the derivation of
the approximate formula. In Section 3, we estimate the accuracy of the derived
formula. In Section 4, we present the application of the formula to the stochastic
Skorokhod equation for Wiener process and illustrating numerical examples.
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2. Derivation of approximate formula

Consider the random process X;, t € [0, 1], that allows the expansion in multiple
integrals [6, 7]
N

Xt = Zln(xt,n)v (1)

n=0

where I, (2:,) = [(n) [ @0, ..., uy)dM (uy)...dM (uy,) is a random measure mul-
vou

tiple integral on U = [0,1] x R, M(U flU 7,0)dW, + f [ 21y(7,2)dN (7, 2),
0 Ro

U € B([0,1] x Ry), Ry = R\{0}; B(][0, 1] X Ry) is the Borel o-algebra, N is

the compensated random measure, determined by the equality N ([0,7] x A) =

N ([0,7] x A) — 7v(A) is the Poisson random measure, v(A) is the Levy measure

satisfying the condition [ (1 A z?)dv(z) < oco. Note that M defines the centred
R

t ~
integrable Levy process Y; = M ([0,t] x Ry) = Wy + [ [ zdN(r, 2).
0 Ry
The following formulae are valid [6, 7]

N
E[X,X,] = ! / / T (101, s )Ty (11, oy )N (1) N (), (2)
n=0 U

where E[] denotes the mathematical expectation,

nAm n/\m) k

In (l‘tl n ﬂftQ m Z Z k'T'CkanC;_kC;_k[n_;’_m_gk_r (xtl,n®zxt27m) s
(3)

AT . . .
Tty nQpTe, m denotes the symmetrisation of a function

n—k

AT
xtl,n®k~rt2,m ('U/l, "'7un7k7vl7"'7vmfk77') = H pQ(U’l)X
l=n—k—r-+1

/xtl,n <u17 vy Up—k—rs Un—k—r+1, -+ Un—k, Un—k—r4+1, -5 Un—k, Un—k+1, -+, un) X
Uk

Ttym (Ula ooy Um—k—rs Un—k—r+1y --y Un—ks Un—k+1, -+ un) d)\(un—k-l—l)---d)\(un)a

where u; = (7, 21), p2(u;) = 2;; the underlined symbols denote the variables to which
the operator po(u;) = z was applied; dA(7,z) = d7 on B(R x {0}), d\(1,2) =
2?v(dz)dr on B (R*\(7,0)).
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From Egs. (2), (3) it directly follows that

nAm (n/\m

E[X, X, Xy, = Z Yy k'r!c,’jcgc;_kc;_k(m +n— 2k —7r)!x
n,m=0 k=0 r=0
N

AT’
/ xt1,n®kxt2,m (ulu vy Un—k, U1y ooy Um—k—r) X

Un+m—2k—7‘

Tty n+m—2k—r (ul, ey Up— g, U1y eeny ’Um,k,T> d)\(ul)d)\(un,k)dk(vl, ey Um,kfr). (4)

N
Let us write Eq. (4) in the explicit form for the case X, = > I, (iftj,n), N =2;
n=0
j=1,2,3:

E [thxtht3] ~ xtl Oxt2 033,53 0+

Ty 0 Z k! /xtz k(U ooy U ) gy g (U oy g ) AN (Uq) .o d N (ug, )+

=
Ty, OZk' /xtl (U1 ooy W) Ty g (U <oy wg ) AN (Uq) o d\ (g, ) 4+
=1
$t302k'/xtlk Uty ooy U )Tty g (U ooy Ug ) AN (1) .o d N (g, )+

Uk

2/xtl,l(UI)th’g(UI,UQ)xt3’1(UQ)d)\(Ul)d)\(UQ)“‘
U2
2/ZL’tl’l(Ul)ItQ’l(Ug)It&z(ul,UQ)d)\(Ul)d/\(Ug)+
U2

2 / xtlg(ul, Ug)xt%l(UQ)[EtS’l (UQ)d/\(Ul)dA(UQ)‘i‘

U2
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/ Pa() 1 (1)1 1 (1) 2 (1) dN(11) +

U
2.2 /]92(U1)$t1,1(Ul)xmg(uh01)3%3,2(UhUl)d)\(ul)d)\(vl)‘|r
U2
221 [ pa(u)n, afun ), ()t o, )N ()N (u2) +
U2

2.2l /m(ul)xtlz(uhU2)$t2,2(u2,Ul)xtg,l(Ul)d/\(ul)d/\(u2)+
U2

2.2-2l /$t172<ul, U/Q)xt272<u2, U1>$t3’2<ul, Ul)d/\(ul>d>\(U2)d)\(U1)+

U3

(2‘)2 /p2 (Uﬁpg(ﬂg)[ﬁthg (Ul, u2>xt272 (Ul, u2)xt372 (Ul, u2)d>\(U1)d)\(u2)

U2

Let us introduce the notations

xl(t) = Ttn (Ul, ooy Up—k—ry Un—k—r41; -5 Un—k, Un—k—r+1; -5 Un—k, Un—k+1;5 -, U’n) )

T2 (t) = Ttm <U1, ooy Um—k—ry Un—k—r41, -+ Un—k, Un—k+1, -+, un) )

333@) == xt,n+m72kfr (u17 vy Un—ks U1y ey /Umfkfr) .

The construction of the approximate formula considered in the theorem below
is based on the requirement of its exactness for cubic functional polynomials of the
process trajectories (see. [3, 4]), i.e., the functionals having the form

k
Py (X)) =ao+ ) /(k) / ai(ty, ... tx) [ [ Xudtr...dty,

o] o7 (=1

where aq is a constant, ay(tq,...,tx), kK = 1,2,3 are given deterministic functions.
We assume that the considered functionals of the process trajectories can be ap-
proximated by functional polynomials sufficiently well (see Eq. (6) in Section 2).

Theorem 1. Let the functions x(uy, ..., uy) in the expansion (1) be differentiable with
respect to t, fo(ur,...,u,) # 0, fs(u,...,u,) # 0. Then the following approzimate
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formula, exact for symmetric functional cubic polynomials Xy is valid,

nAm (nAm)—

n,m=0 k=0 r=0
2 n—k

S A / TT o) (F ) ity v, 5, 2) dA (). A (15 r) %

k=1 l=n—k—r+1

where

nmkr

//

“ij

o (3 (252) 2 (22)) i) o
20 [ e (0 (5 (585)) e

2 o (0 (7 (2)) o)+ GG e an
if there are no coincident elements among x1(t), zo(t), x3(t);

Tnonr(F) = /0 AF (ckxg(-) (% (Z’Eg))w 1[0,.](s>> ds+i;—£§AF (cpa(-))

if x1(t) = x(t),

Tnmir (F) = /0 AF (cka(-) (% (28))1/3 1[.,1](s>> ds+iz—8AF (cxa(-))

if x3(t) = xa(t); Jnmnn(F) = AF (cxx1(+)); Crmpr = klrlCkCF cr_Cr o (m+n—

2k — 1), C* is the combination of n elements taken k at a time; F(-) denotes the

\]

»
8

expression determined by the operator Jy mgr; Ak, ¢k, k =1,2,3 are the constants
that satisfy the system of equations Ajc; + Ascoy = 0, Ajc} + Ascd = 1; AF(f) =

L(F(f)+ F(~f)), B = % b b, > 0.

The theorem is proved by direct calculation of the left-hand side of Eq. (5) and
the right-hand one for the functionals F (X(.)) = const, F (X(,)) =X, F (X(.)) =
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X, X4y, F (X(,)) = Xy, X4, Xy,. Note that in this case all integrals in the right-hand
side are calculated exactly. Since the triple sum resulting from the expansion of the
monomial X, X;, X, factors in the series (1) can be presented as a sum of blocks,
consisting of the sums 37, .. in which the set of indices {n,m,p} is fixed and
the summation is executed over all possible permutations within this set, the result
of calculation in the right-and side of Eq.(5) is independent of the order of ¢;, to, t3.
Therefore, in the calculation of individual terms in Eq. (5) it is sufficient to assume
t1 <ty < 3.

Note. If the initial process expands in an infinite series, the approximately exact
formulae are considered, in which a finite segment of the chaotic expansion is used.

3. Accuracy estimation for the derived approximate formula

Here and below, we use the class of functionals that allow representation in the
form

3 k
1
F (X)) = F(0) + E il / / Ap(ty, o t) [ [ Xudt..dty+
=1

=L 1 [01]
1

4
1
5/(1—7)3 /(4)/G(TX(.),tl,...,t4)Hthdtl...dM. T <1, (6)
) =1

0 [0,T] [0,

where Ag(ty, ..., tx) are symmetrised deterministic functions.

Such representation is possible, e.g., for some functionals that have functional
derivatives up to the fourth order inclusively, in correspondence with the functional
Taylor theorem

3 k
1
F (X)) =FO)+) / /F(k) (X0y, 1y o ) T Xttt

k=1 =1

[0,7] [0,7]
1 4
5/ (1—71) / )/F<4> (rX ()t oo ta) [ [ Xudts..dts,
0 071 (0.7 =1

F®) (X(.),tl, ...,tk) is a functional derivative of F'. In particular, the functionals

having the form F (X(,) =g (f Xtdt> belong to this class, where g(u), u € R

is a deterministic function having the derivatives of the fourth order.
Let us introduce the notation:

N N niAng (niAng)
Z Z iz 122 (a(nl,ng,kl,rl))2 (n1+n2—2k1 —T1>!
22(”1+"2)(n1!n2!)2 ’

ni=1ns=1 kl r1=0

a(n,m,k,r) = klr\C*C*kCr_ Cr

m—Fk*
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Theorem 2. Let the functional F (X(.)) allow the representation (6), where

sup |G (TX(, b1, ta) | < A= const, sup |z, < 1/(n!27).
T7€[0,1],t1,...,t4€[0,T] t€[0,7)

Then the estimate

R = |E [F (X(~))} —Jn (F ))| < T4i'A (C(N) + Zbgl(n!Q”)_‘L) (7)
15 valid.

Proof. Using Eq. (6) and the fact that the formula is exact for symmetric functional
cubic polynomials, let us estimate the error R = F [F (X(.))} —Jn (F (X(.))):

1 —

Ri<g [a-m [@ [

0 [0,T7] 0,1 *

E |G (TX()t, oty thl] +

dtl...dtde S

In [ G (7X(),ths e ta Hth ‘

(we use the inequality |ab] < 3(a* 4 b%), which is valid for any real numbers)

1 1
<A ls / (@) / B [(X0 X0,)? + (X0, X0,)?] .ty +

/ / JIn <H th>

[0,T] [0,T7]
[0,7] [0,7]

1

Then we have

I, (mh m) I, (mtz,m) =

niAng (n1An2)—k1

k1 k1 1 T1 _
E E kl!T1'Cn10n20n1 k:lcng k1 n1+n2 2k1—r1 (:Utl n1®k1xt2 nz) =

k1=0 r1=0

niAng (n1An2)—k;

T
E E a’(”l) na, kla 701>In1+n272k171“1 (wtl,n1 ®k1$t2,n2) 5

k1=0 r1=0

N N niAng (niAn2)—k1

b [(thth) Z Z Z Z (a(n1, na, k‘1,7"1))2 (n1 +ng — 2k — 11)!X

ni=1ng=1 k1= r1=0

AT 2
/ (xtl,m ®k1 xt2,n2) d)‘(ul) . 'd)‘(un1+n2—2k1—7“1 )

ynitng—2ky1—ry
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and the analogous expression for £ [(thXu)z].

Due to the assumption of the theorem we have sup |z;,| < 1/(n!2"), we have
t€[0,T]

N N 2
2 (a(ny,ne, k1,71))" (N1 + ng — 2k — 11)!
E [<Xt1Xt2) } < Z Z Z Z 22(n1+n2) (p In,y!)2 ’

4
and then Ry < T*c¢(N); Jymr <H th) = 0, since the functional is even and due
=1

to the action of the operator A,

4 N 4 N
J <Hth>| = an/bHQthl,n(ul,...,un)d)\(ul)...d)\(un) < Zb;l(n!Q”)"l.
I=1 n=0 1=1 n=0

= o

[ (1)

(0,7]
From the obtained estimates for R;, Ry the statement of the theorem follows.
Note that the series in the right-hand side of Eq. (7) converges at N — oc.

n=0

Ry= [ (4)
|

0,7

N
1 L e
dty..dt, < T4ZA <c+ E b, H(n!2") 4) :

4. Application to the stochastic Skorokhod equation

A natural class of stochastic differential equations to which the approximate formu-
lae of the considered type could be applied is the Skorokhod class of equations, for
which the expansion in multiple Ito-Wiener integrals is used directly in the formula-
tion of the equations themselves. However, when the solutions of such equations are
presented as a chaotic series, the division-by-zero singularities arise in the multiple
integrals of the coefficient functions. Therefore, direct application of the formulae
derived above is impossible. Below by the example in which the chaotic expansion
in Ito-Wiener multiple integrals (a particular case of Ito-Levy integrals) is used, we
demonstrate a modification of the approximate formula, in which this singularity
is eliminated. Consider the calculation of the mathematical expectation for the
functionals of the solution of linear equation with the Skorokhod integral on the
Wiener process with the initial condition in the form of stochastic expansion with
the fixed number of terms. Generally, the solution of the Skorokhod equation

t
X, =G, +/ a(s) X0 M,
0

where a(s) is a deterministic function, G, = S I, (ga(- 1)), M, is the mar-
tingale, can be presented in the form (see [13]) X; = Y 07 I, (fu(:,t)), where
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fa(#,t) = gn(e, %, 1) + (fnfl('a*)O‘<*)1[O,t}(*))sym for 1 <n < N, and fu(-,%,t) =
(fa1 (o ®)a(*) 14 (%)) ™™ for n > N, fo(t) = go(t); the symbol “*” represents n—2
variables, (¢)®*™ means the symmetrisation of the function with respect to all va-
riables. Without loss of generality, for the representation of the abovementioned
modification of the method it is sufficient to consider the case when M; = W,,
t € [0,1] is a Wiener process, Gy = go(t) + I1 (fi(t)): zto = go(t), and four first
terms of the chaotic expansion are used. The relevant coefficient functions of the
expansion in this case have the form

Ty0 = go(t), Ty (ur) = gea(ur) + go(ur)o(ur) o (ur)
Ti2(uz,uz) = (g1 (ua, ug)o(us) Lo (us) + go(uz)a(uz)a(us) 1o (uz) Loy (us)) ™",
Ty 3(ug, ug, uz) = (91 (u1, ug)ar(ug)a(us) Loy (t2) Lo, (us)+

go(u)a(ur)ar(ug)o(us) 1o, () Lo,u) (u2) 1o (us))

sym

Let us present the form of the approximating expression in Eq. (5) for the case
of Wiener process, corresponding to the following integral in the expression for the
third-order moment at t; < ¢y < t3:

/ Tti1 (U1)$t2,2(uz, U3)$t3,3(ul, Uz, ug)duldu2du3.

[0,1]3

We introduce the notations xi(t) = z¢1(u1), 22(t) = xa(us,us), z3(t) =
Ty3(ur, ug, uz). Note that xio(ug,uz) = 0 for t < us A ug, and zy2(ug, uz) # 0
for t > us A us; x¢3(ur, ug, uz) = 0, when ¢ < uy A ug A us, and x;3(uy, ug, us) # 0
for t > uy A ug A uz. With this remark taken into account, the required modified
approximating expression has the form

J123(F)

1

I T

u2 A\uz ugA\us

% / (C’“@ (aﬁ (2 : ))1/31[.,1](7)> dr+

285 /1 | A (C’“IQ ( < z)) umg,.](s)) ds+
i h )50
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Let wus check the accuracy of approximation for the functional
F(y(-) = y(t)y(t2)y(ts):

t1A\taAt3 a 1 a
S xg T
J123<F>:—02H$2<tj) / —( ) / —( )dT—
= . 0s (s) or (1)
J=1 up Aug t1Via Vi3
3
x1(ug A us) 4 0 (x3(7)
— ‘¢ T — dr+
xo(ug A ug) K li[l 2 t Vt " 0s \ xo(T)
1 2 3
3 t1A\taAt3

Numerical results. Consider the numerical examples, illustrating the appli-
cation of the derived formulae.

Example 1. Assume that in the expansion (1) U = [0,1] x [0,1], dv(z) =
d13(2) is the Dirac measure at the point z = 1; dA(r, z) = dr on B([0,1] x {0}),
dA\(u) = dA(t, z) = 220y (2)dt = d1y(2)dt on B([0,1]*\(7,0)). The Levy process in

t ~ ~
this case has the form Y; = M([0,¢] x (0,1]) = Wi+ [ [ zdN(r,z) = W, + P,
0 (0,1]
where P, = P, — t is a centred Poisson process with the intensity 1. We calculate
the mathematical expectation

E[F(Xy)] =E[(1+XX)"], (8)
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where Xy = I (z¢1)+12(212), I1(2e1) fx“ fxtl )W, +fxt1 ﬁ

IQ(th’Q) = /It72(U1,UQ)dM(U1)dM(U2) = //$t72(81,82)dW51dW52+

U2
1

1 1 1 1 1
/ / Era(sy, s2)dWy dP,, + / / Era(s1, 52)d Py dW,, + / / tra(s1, 52)dP,, AP,
0 O 0 0

0 0

As an example, we consider the functions z;1(s) = fZ(s), z12(s1, s2) = fi(s1) fi(s2),
for which the calculation of powers of multiple stochastic integrals reduces to the
calculation of polynomials of the powers of single integrals, and one can find an
exact value of the mathematical expectation (8). Indeed, in this case

X, = L(z01) + Iy (205) /f2 VAW, + /f2 VAW, —/1f2(s)ds +
0

1 1 1 1
/ f(s)dp.| - / F(s)ds | +2 / F(s)dW. / F(s)dP
0 0 0 0
Using the formula
1 n 1 k
/ a(s)aw, | | = k=1 / Pls)ds | for n=2% (9
0 0

(this expectation is zero for odd n) and the formula [7]

n+1 T n+1

/T F(u)dP(u) :n_l( ) / £ () duE / F(u)dP () |

k=0 0

introducing the notation I, = f f2(s)ds, we arrive at the following exact values:

E[X}] =20 +813, E[X}] =I5+ 2411, + 2813 + 643,

E [X}'] = Is 4+ 30I6I> + 681513 + 441; + 5161315 + 35715 + 1471413,

and then the exact values of the expectation (8).
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Table 1: Exact and approximate values for the function f;(s) = 1+ts for A; = 1/3,

Ay =1/6,c1=1,c0=2, A =4l
t 0.1 0.3 0.5 0.7 0.9
Exact. | 1.18521 | 1.29283 | 1.45708 | 1.7043 | 2.31586
Approx. | 1.1725 | 1.26567 | 1.40156 | 1.59563 | 1.8676

Example 2. Assume that in Eq. (1) Y; = W, i.e., consider a Wiener process.
Let us calculate the mathematical expectation

E[F(X)] = Elexp{AX,}], te[0,1], 0<A<1/2,

where X; = Li(xe1) + Lo(22),

f:vtl (u) = Oflxtl(s)dW

11
ffxtQ S1, 52 dWsldWsza Ty, 1( ) - ft2(3>a
00

The exact value of this expectation is calculated using

Ws) —Offf<s>ds

L—Aa a=1+t+t*/3. (10)
2(1 — 2\a) S ‘

11 ZEt1

]Q(ZEtQ f T2 Ul,UQ)dM(U,l dM UQ

fct,z(sl,Sz)U— fi(s1) fi(s2).
Eq. (9), because Ir(z2) = ffft 1) fe(82)dWs, dW,, = (f fi(s)d
0

and is equal to
E [exp{\X;}] = (1 — 2\a)"V/? exp{

The expectation values for the function f;(s) = 1+ ts calculated using Eq. (10)
and the approximate Eq. (5) with the same values of the parameters Ay, As, ¢,
Co, as in the previous example, for A = 0.1 are presented in Table 2.

Table 2: Exact and approximate values for the function f;(s) = 1+ts for A; = 1/3,

Ay=1/6,c1=1,¢,=2,A=0.1
t 0.1 0.3 0.5 0.7 0.9
Exact. | 1.02163 | 1.03116 | 1.0446 | 1.0636 | 1.09062
Approx. | 0.9966 | 1.01003 | 1.03057 | 1.0601 | 1.10097

The above numerical results demonstrate the accuracy of the approximation that
agrees with the accuracy of the formulae exact for cubic functional polynomials in
a given time interval, which allows using the derived approximate formulae in com-
posite ones. The composite approximate formulae have been invented and widely
used in the papers devoted to the computation of functional integrals (see [3, 4, 5]).
The formulae of this structure, possessing the property of exactness for the functi-
onal polynomials of the fixed power, converge to the exact value of the integral
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in the specified class of integrable functionals. In the above references the compo-
site formulae were obtained for functional integrals with the measures, generated by
different classes of random processes (i.e., the mathematical expectations of the pro-
cess realisations), including a wide class of processes with independent increments,
as well as the solutions of some kinds of stochastic differential equations. From the
computational point of view, the main feature of this type of composite formulae
is the separation of the computation algorithm into two independently acting ope-
rators. The first one computes the mathematical expectations of the deterministic
functions approximating the initial functional and depending on a finite number of
random functionals with known mutual distributions. The second one provides the
accuracy of the formula for the functional polynomials. Note that the construction
of the composite formulae for mathematical expectations of functionals, defined by
the expansions in multiple stochastic integrals requires the approximations of the
multiple stochastic integrals on Levy processes. In the case of Wiener and Poisson
processes, the corresponding approximations can be found, e.g., in [1, 2].

5. Conclusions

To calculate the mathematical expectation of random process functionals, represen-
table by chaotic expansion in multiple stochastic Ito-Levy integrals we constructed
an approximate formula that yields an exact result for functional polynomials of
the process. We estimated the error of the derived approximate formula for the
class of functionals that allow the representation as a sum of a cubic functional
polynomial and a homogeneous polynomial of the fourth power with the bounded
random coefficient function. The constructed formula is modified to calculate the
mathematical expectation of functionals of the solution of linear stochastic equa-
tion with Skorokhod integral for the Wiener process with the initial condition in the
form of a stochastic expansion with the fixed number of terms. Numerical examples
illustrating the application of the derived formula are presented. The elaborated
method gives a new useful tool for numerical integration with a required accuracy
of stochastic differential equations which are reduced to the Skorokhod class of
equations.
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