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Abstract. Electron localization and tunneling in triple quantum dot (TQD)
are studied and the electron energy spectrum is deduced. Laterally distributed
InAs/GaAs TQDs were modeled using single sub-band effective mass approach
with effective potential simulating the strain effect. Electron localization dynamics
in TQD over the whole spectrum is studied by varying the inter-dot distances. The
effect of adding a third dot to a double quantum dot (DQD) is investigated as a
weakly coupled system. Triangular and linear chain configurations of TQDs are
considered. We show that the presence of a third dot increases the tunneling in
the DQD and that the tunneling is sensitive to small violations of the TQD mirror
symmetry.
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1 . Introduction
Due to their unique properties, semiconductor heterostructures, such as quantum
dots (QDs) and rings are of great interest for the development of new nano-devices.
The ability to grow dense and uniform QD assemblies offers new ways for making new generation of quantum devices. However, there are fundamental issues
associated with the practical use of QD assemblies. Actually, imperfections in real
world QD assemblies impede making efficient QD based devices, and QD assemblies perform rather poorly. For instance, QD based third generation solar cells
have efficiencies much lower than theoretical predictions [1, 2, 3] and even worse
than QD-less photovoltaic devices. Also, QD based optical and quantum computing
devices are impractical as of yet, despite the varieties of theoretical studies and device design. Generally, the relation between tunneling and chaos is an inalienable
phenomenon in the meso- and nano- world [4]. Known fabrication technologies
yield dissymmetric quantum dots. This suggests a chaotic behavior within the
QDs, which has a strong influence on the charge transport and other properties
[5]. Primary steps for studying large QD assemblies, consisted in studying Double
Quantum Dots (DQDs), triple quantum dots (TQDs), QD rings, and QD chains.
Recently it has been demonstrated [6] that electron localized and delocalized states
and the tunneling in double quantum dots (DQDs) are highly sensitive to the violation of the geometrical symmetry of DQD (see also [7]). In present work, we
study single electron localization and tunneling in triple quantum dots (TQDs),
which have been given great attention in connection to charge transport through
nono-scaled systems [8, 9] and quantum computation problems [10, 11]. We consider the TQD as a system of a double QD weakly coupled to a third single quntum
dot. Tunneling in the DQD is sudied in relation to the presence of the third QD.
The weak coupling induced states make the tunneling sensitive to small symmetry
violation.

2 . Theoretical Model
Considering InAs quantum dots formed on a GaAs substrate, the heterostructure
is modeled [12] utilizing a kp-perturbation single sub-band approach. The problem
is mathematically formulated by the Schrödinger equation:


Ĥkp + Vc (r) + Vs (r) Ψ (r) = EΨ (r) ,
2

~
∗
where Ĥkp is the single band kp-Hamiltonian operator Ĥkp = −∇ 2m
∗ ∇ , m is the
electron effective mass, which depends on the radial position of the electron in the
QD, thus can be written as m∗ (r), and Vc (r) is the band gap potential. Inside the
QD, the bulk conduction band offset is null, i.e., Vc (r) = 0, while it is equal to
Vc outside the QD. The band gap potential for the conduction band is chosen as
Vc =0.594 eV. The electron effective masses in bulk InAs and GaAs are m∗1 =0.024m0
and m∗2 =0.067m0 , respectively, where m0 is the free electron mass. The effective
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potential simulating the strain effect Vs (r) has an attractive character and acts
inside the volume of the QD [12]. The magnitude of the potential is adjusted so to
reproduce experimental data. For example, the magnitude of Vs for the conduction
band chosen in Ref. [13] is 0.21 eV.
To describe the tunneling of a single electron in a double quantum dot, we deN −Nk,2
fine the following parameter: the tunneling level σ = Nk,1
within the range
k,1 +Nk,2
of [-1,1]. Nk,γ is the probability of electron localization in the Ωγ region, where
γ=1,2
refer to QD1 and QD2 , respectively. Hence, it can be written as: Nk,γ =
R
|Φk (x, y) |2 dxdy for two dimensional quantum systems considered below, Φk (x, y)
Ωγ
is the electron wave function for k=1,2,3,. . . ; are the quantum numbers for the
electron energy levels. The electron presence in QD1 (Ω1 ) or in QD2 (Ω2 ) has equal
probability, since QD1 and QD2 have the same shape and size. For this state, the
electron is delocalized and σ=0. The cases of σ = 0. The cases of σ = 1 and
σ = −1 correspond to the localization of electron in QD1 and QD2 , respectively.

3 . Double Quantum Wells
A pair of adjacent discs acting as QDs are considered as two dimensional double
quantum wells (DQWs). An example of experimental possibility for highly symmetric QDs (free of elongations) was reported in Ref. [14]. Dynamics of localized and
delocalized states along electron spectrum in DQW with dependence on inter-dot
distance has been studied in Ref. [7]. It was shown that tunneling between QWs

Figure 1: Localization parameter σ12 for DQW along the electron spectrum, as a function
of the asymmetry parameter η. Violation of R-L symmetry results from the variation of
the right QW radius (RL =13 nm). The inter-dot distance is fixed to 10 nm.

occurs from high energy levels to the ground state as inter-dot distance consistently
decreases. The electron spectrum appears to have three components resulting from:
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localized states, delocalized states, and states with different probability for localizations in the left and the right sides of the QWs. The spectral distribution of
localized (delocalized) states exhibits extreme sensitivity to small variation of QW
shape, which violates Left-Right symmetry.
The sensitivity to asymmetry is illustrated in Fig. 1, where σ12 parameter (describes the tunneling between QD1 and QD2 and characterizes the localization) is
shown as a function of the energy of electron confined states for different values
of the asymmetry parameter η = (RL − RR )/RL , where RL and RR are the QD
radii. The initial spectral distribution for η=0 is described as completely delocalized. The small symmetry violation (e.g., η=0.8%) changes the electron probability
to a completely localized distribution. It can be shown [15] that the sensitivity of
the localization parameter varies as 1/(∆E)2 , where ∆E is the energy difference of
the same level when considered in isolated left and right QWs. This means that
small variations of η have a maximal effect on electron localization when ∆E ≃ 0.

4 . Triple Quantum Wells
In this section we compare the spectral distribution of delocalized states in DQW
and TQW. The calculations were done assuming that the QWs are identical. In
the TQW, the QWs were arranged in isosceles triangular configuration (see the
inset in Fig. 2b)). Both spectra in Fig. 2 confirm that the delocalization occurs

Figure 2: σ-parameter and electron spectrum of: a) DQW, inter-dot distance is a=36
nm, and b) TQW configured as isosceles triangle (see inset) with a=37 nm and b=0. The
QW radius is R=13 nm.

for high energy levels. In weakly coupled isolated DQW, the number of delocalized
states in the energy spectrum consecutively decreases from the threshold shown in
Fig. 2a). The effect of adding a third QW to the DQW is readily seen in Fig. 2b).
It can be noted that i) the number of delocalized states in the DQW essentially
increases in presence of additional QW, this intensifies the tunneling, ii) the energy
for transition state is lower for TQW, i.e., 0.368 eV versus 0.452 eV, and iii) the
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localized-delocalized transition is sharper for TQW. The number of delocalized
states is larger for σ ≃ 0.

Figure 3: a) σ12 - parameter of localization defined for the QD1 and QD2 pair in the TQW
along with the electron spectrum. Inter-dot distance is a=37 nm and b=0, which makes
the TQW a linear chain of QWs. Results for different asymmetry ξ = d/a13 defined by
d, the shift of QD3 relative to the QD1 - QD2 midpoint. The solid circles correspond to
d=0. b) Magnitude of the localization parameter |σ12 | for the electron ground state, as
a function of ξ, the QD3 position asymmetry within TQW. The inset shows the chain
configuration TDW (a13 =11 nm, a12 =48 nm).

Figure 4: σ12 -parameter along with the electron energy spectrum for a triangular TQW.
The inter-dot distance is a=37 nm and the triangle height is b=23 nm. The data is
obtained for different values of the TQW asymmetry, ξ = d/a13 defined by d the shift of
QD3 position relative to the triangle upper vertex. Open squares (solid circles) are for
d=0 nm (d=1 nm, ξ=0.092).

To further compare the effect of symmetry violation both by QW shape and
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position within the TQW complex, a linear distribution of identical QWs is explored. Results of calculations for σ12 are shown in Fig. 3a), for different values of
asymmetry parameter ξ = d/a13 , being defined by d, the shift of QW3 (relative to
QW1 -QW2 midpoint), and a13 (QW1 -QW3 separation distance). The subscripts refer to considered QW. The TQD configuration is illustrated in the inset of Fig. 3b).
The initial electron state is localized state for all confinement levels and σ12 =0.
The tunneling to delocalized state is suppressed when ξ is larger than 0.1, as shown
in Fig. 3. The threshold for delocalization suppression differs for different parts
of the spectrum. For low-lying levels, the localized state is reached with smaller
values of asymmetry ξ. Comparing Fig. 1 and 3, one can conclude that the high
sensitivity of tunneling to DQW symmetry violations does not take a place with
TQD configuration change (through the shift of QW3 location). Similar result was
obtained for TQW with triangular configuration, as shown in Fig. 4. The tunneling
from delocalized to localized state occurs when the asymmetry is larger than 9%.

5 . Conclusion
We studied the dynamics of localized-delocalized states and electron spectra in
TQWs. The effects of adding a third QW to a pair on the electron localization in
the system were considered. We showed that the tunneling increases in presence of
an additional QW. Two types of Left-Right symmetry violation in triple QW have
been proposed: by QW position deviation and/or by QW shape-size deviation.
We found that the tunneling is sensitive to the position of the third QW relative
to the pair. Also, we showed that the tunneling in DQW is extremely sensitive
to extremely small asymmetrical variations of the QW shapes. Such sensitivity is
technologically important for future quantum devices as well as next generation
photovoltaic cells.
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