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Abstract. In a planar regular optical waveguide, propagation of polarized
monochromatic electromagnetic radiation obeys a law following from the Maxwell
equations. The Maxwell equations in Cartesian coordinates associated with the
waveguide geometry can be written as the two independent systems of equations:

5. dE. ik dH,

E,="%H == — B*)H,, —Y = ikocE,
€ Y dx c (E,U, 5 ) Yo dx 1RoE )
5 dHZ /LkO 2 dEy i
H,=-tp, —2-=-_"2 - E,, —Y = —ikouH,.
e g M(Eu B8°) By, —- ikop

Each of the systems can be transformed to a second order ODE for the lead-
ing component and two other equations for straightforward computation of the
complementary electromagnetic field components. In doing so, the boundary con-
ditions for Maxwell’s equations are reduced to two pairs of boundary conditions
for obtained equations. In addition, the asymptotic conditions hold for each class
of waveguide modes. Thus, the problem of description of a complete set of modes
in a regular planar waveguide is formulated in terms of the eigenvalues problem
for the essentially self-adjoint second order differential operator:

d?y

—a tV@v= k1.

For the operator, we find some results about its spectrum, complete sets of so-
lutions, and diagonalization by an isometric isomorphism (generalized Fourier
transformation); new basis functions are related to initial ones by simple trans-
formation formulas. The eigenvalues problem is equivalently reduced to the two
problems (left and right) of the one-dimensional potential scattering theory by
projection on the two branches of the continuous spectrum.

Keywords: waveguide propagation of electromagnetic radiation, equations of
waveguide modes of regular waveguide, guided modes, radiation modes, a com-
plete set of modes of a planar waveguide.
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1. Introduction

To describe propagation of electromagnetic radiation in integrated optical waveg-
uides by the coupled-wave method [1, 2], by the comparison-of-waveguides method [3,
4], or by the incomplete Galerkin method [5, 6], we need to know a complete sys-
tem of waveguide modes of a regular planar waveguide [7, 8] and be able to work
with them. In this work we consider the special, but the most widespread case of
a multilayer waveguide.

There are the three types of waveguide modes in a regular planar optical waveg-
uide: guided modes, substrate radiation modes, and cover radiation modes. The
regular waveguide consists of a dielectric waveguide layer (or a few ones) of refrac-
tive index ny (or nysy, ..., nyy) and the dielectric cladding with smaller refraction
indices: ng in the substrate layer and n. in the cover layer. We will use Cartesian
coordinates associated with the waveguide geometry. The waveguide layer thick-
ness, say d, is about of the monochromatic electromagnetic radiation wavelength,
while thicknesses of the substrate and cover layer are supposed to be much greater
and, in our model, will be considered as infinite quantities.

The mathematical model of light propagation in a waveguide consists of the
Maxwell equations supplemented by the matter equations and boundary conditions.
In the coordinates adapted to the waveguide geometry as in Figure 1, the Maxwell
equations can be split into two independent sets for the T'E and T'M polarizations.
Their solutions are, respectively,

E,(z,y,2,t) = E, (v) exp {iwt —ifz}

and
H,(x,y,2,t) = H, (x) exp {iwt — iz},

where w is the angular frequency, 8 is the phase delay coefficient of the waveguide
mode, z,y,z are space dimensionless coordinates, and the functions E, (z) and
H, (z) for TE and T'M modes, respectively, are determined by the corresponding
equations

d’E.

dl‘Qy +n’ (z) E, = B2Eya
d’H,

dey +n? (z) H, = ,BQHy.

Both equations for the modes can be written in the more customary form

d2
= O ) V(@) 2) = K2 (). (1)
Here V (x) = —n?(x) is a piecewise constant function (constant in each of the

layer), k* = — (% is the spectral parameter, and ¢ () = E, (z) or H, (z).
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Figure 1: Waveguide is formed by media 1-3. The figure indications are: 1 is a
framing medium or cover layer (air) with refractive index n,; 2 is a waveguide layer
(film) with a refractive index ny; 3 is a substrate with refractive index ng; d is the
thickness of the waveguide layer. Film and substrate are homogeneous in the y and
z directions, the substrate is usually much thicker than the film.

2. Formulation of the problem

Assumptions:

e A planar dielectric waveguide consists of homogeneous layers of isotropic ma-
terials, and the boundaries between the layer media are ideal and parallel to
the zy plane.

e Electromagnetic radiation propagates in the longitudinal horizontal direction
(along the z-axis) and is invariant along the transverse horizontal direction
(along the y-axis).

e Electromagnetic radiation in the waveguide is monochromatic (harmonic time
dependence).

e Electromagnetic radiation, for simplicity, is assumed to be linearly polarized.

The Maxwell equation in Cartesian coordinates associated with the waveguide
geometry has the form (in the Gaussian units)
dD - 10B

- 1
1 = ~ 22 ot = —= 2
"o c@t’m cot’ (2)
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and can be split into the two independent sets of linear ordinary differential equa-
tions

0H, 0H 1 OF 1 OF

v 9% kB, H,=-—— O S e
0z gr oty N tkop 0z’ ikop Ox )
OF OF 1 0H 1 0H

v 9% igpH, B, —2v g~ % 4
0z o oKy ikoe Oz’ ikoe Ox (4)

where kg = w/c is the vacuum wave number, ¢ is the speed of light in vacuum,
e and p are, respectively, the dielectric constant and magnetic permeability, and
n? = eu is the squared refractive index of a medium. In chosen coordinates, the
boundary conditions

_ i
1

— E7| , H"

1

ET

(5)

Y

2 2

can be reduced to those for, respectively, T and T'M modes:
Ey|1 = Ey|27 H.|, = H.|,, (6)

Hy‘1 = HQ‘Q? Ez,1 = EZ‘2' (7)

Solutions of the equations (3)—(6) and (4)—(7) yield vertical (along x axis) distri-
butions of electromagnetic field for TFE and T'M modes, respectively. As functions
of all the spacetime coordinates, electromagnetic fields of the modes can be written
in the form

— —

(g)@%%w:(g)@m@@m—mw@. (8)

Transforming (3) and (4) to the form

d’E, 1 dE B
ki (ep— %) By (z) =0, H, = —Y, H,=--E 9
dl‘2 + 0 (Slu ﬁ) y(l') ) iko,u d$ ) ,U Yo ( )
d (1dH, 1 0H 6}
— (== )+ k2 (ep— Y H =0, B,=—-——Y E,=<=H, (10
gdx(e dx)+ o (en = F7) Hy () =0, ikoe Oz’ eV (10)
both the sets can be written in the more customary form
d*y >
Here V (z) = —n? (koz) = —e (koz) 11 is a piecewise constant function (constant in

each of the layer), k* = —j3? is the spectral parameter, ¢ (Z) = E, (z) or H, (z),
and Z = 2m(x/)\g) is a dimensionless variable. Later on we use the notation x
instead of the z.

The boundary conditions (6) and (7) hold for the function ¢ (Z) and its ’deriva-
tive’

_ dE, () 1 dH,(z)

¢ () dx n?(z) do
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so that
¢‘1 = 77Z)|27 925‘1 = 925‘2 (12)

The problem of finding waveguides modes is thus reduced to the problem (11)-
(12) with a potential V' (x) for eigenvalues k and eigenfunction ¢ (k, z) obeying the
asymptotic conditions (Figure 2)

Vi) —— Vo, V() —V,. (13)

T—r—00 T—00

V(z)

___________________ - ch

V‘s )

Figure 2: A schematic diagram of the potential.

In the problem (11)—(13), the operator spectrum consists of:

e a finite number of eigenvalues of the discrete spectrum k; = ir; : kJQ €

(min V' (z), min (V_, V,)) and the corresponding eigenfunctions (guided modes);

e a continuous nondegenerate spectrum k_ : k% € (V_, oo) and the corre-
sponding generalized eigenfunctions (substrate radiation modes);

e a continuous nondegenerate spectrum ky : kT € (V4, co) and the corre-
sponding generalized eigenfunctions (cover radiation modes).

In a multilayer waveguide with a piecewise constant potential V' (z), solutions to
the problem (11)—(13) (in the notation of (9)—(10)) in the space of square integrable
functions, that is, in the case of discrete spectrum k; = ir;, were considered in a
large number of research studies, both theoretical and computational. There are
basic studies [9, 10, 11] and reviews [12, 13, 14, 15, 16] on integrated optics devoted
to guided modes in waveguides. The pioneering [9, 10, 11] and recent works [17,
18, 19] on integrated optics are devoted to numerical methods of constructing the
function v; () as a linear combination of a fundamental system of solutions of the
equation (11) in each of the layers, with subsequent matching these functions at
the layer interfaces according to (12).
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3. Discrete and continuous eigenvalues and corresponding
(classical and generalized) eigenfunctions

Schrodinger’s operator on the x-axis,

fy@) = -2 @)1V @)y @), (14)

da?

where the potential V' (x) obeying the conditions

i V@)=V, lim V() = Vi, (15)
0 o
/ |V (z) = V_||z| dz < oo, / |V (z) = Vi||z|de < o0, (16)
o 0

is essentially self-adjoint.
The equation
Hy=Fky (17)

has a unique solution y_ (k, ) having the asymptotic behaviour
exp {ip_ (k) y_ (k) —— 1,
T——00

exp {ip_ () 2}y (k. 2) —— ~ip_ (k).

if Im (p_ (k)) > 0, where p_ (k)> = k* — V_ with V_ obeying the condition (16).
The equation )
Hy = k*y (19)

has a unique solution y, (k,x) having the asymptotic behaviour

oxp {—ipy (F) w}yy (kx) — 1,

exp {~ips (V) 2}, (k2) —> ips (8). 2

if Im (p4 (k)) > 0, where py (k)* = k*>— V. with V. obeying the condition (16). For

real p_ (k) # 0, the pair of functions {y_ (k,x), y_ (k, x)} make up a fundamental

system of solutions of the equation (8). Therefore, the solution y, (k,x) can be
represented as

Y+ (k,$) = a- (k> Y- (k,l') +0- (k) Y- (k,l') (21)

For real p, (k) # 0, the pair of functions {y+ (k,x), ys (k, x)} make up a funda-

mental system of solutions of the equation (8). Therefore, the solution y_ (k, z) can
be represented as

y (ko) = ap (k) go (k@) + by (k) s (k). (22)
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Coeflicients a_ (k) and a4 (k) are inversely proportional to the transmission coef-
ficients from the left to right and from the right to left, respectively; they can be
expressed in terms of the Wronskian of y4 (k, z), namely,

a— (k) =W (y-,y4)/2ip- (k) and ay (k) =W (y-,y4)/2ips (k),  (23)

and can be analytically continued into the regions Im(p_(k)) >0 and Im(p4(k)) >0,
respectively. Coefficients b_ (k) and by (k), which are proportional to the reflection
coefficients from the left to right and from the right to left, respectively, can be
expressed in terms of the Wronskian of yy. (k, z) as

b (k) = W (3. 7-)/2ip (K) and be (k) = W (Fa,y-)/2ips (F). (24)

The zeros of the functions a_ (k) and ay (k) are eigenvalues of the operator (14)
with the normalized eigenfunctions

Un (2) = cyy- (kn, 7) = ey (kn, 7). (25)
In order to distinguish these solutions of the equation (19) from those constructed
below and having other asymptotic behaviours, we introduce the new notations
Ve =V_and V. = V4, ps (k) = p_ (k) and p. (k) = p+ (k).
In the region Imp; (k), k* > Vi, (generalized) eigenfunctions of the operator
(14) are

Ys (k’,l‘) = {y-i- (k,ZE)—}-R+ (k)y-f— (k’,l‘)}, k2 € (V;a OO) (26)

~ 8-
3

In the region Imp, (k), k* > V. (generalized) eigenfunctions of the operator (14)

are

ye (k. 7) — \/% D+ R0y (ko). Fels), @)

where the reflection coefficients are given by

R_ (k) _ b (k) _ W(erag*) and R+ (k) b+ (k) o W (ng,yf)

a (k) W(y-,y+) ar (k) Wiy-,y+)
The corresponding expressions for the transmission coefficients are
1 2ip_ (k) 1 2ip, (k)
= = and Ry (k)= = .
c® - W M= T T W
Theorem 1. Let y, (k,z) be a system of functions defined by the expressions (25)-
(27). Then it makes up a complete orthonormal system of generalized eigenfunc-

tions of the operator (14) so that the generalized Fourier transformation f — g,

given by
£@) = [ 90 0. o) dp, 0+ [ g2 (B (ko) e Z o (K} (8, 2)
Vs Ve

(28)
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where

gs (k) = / f @)s (B 2y, go (k) = / f (2) e (F, 2)d,
- - o (29)
gn (k) = / f (2) g (k)

defines a unitary isomorphism between the equipped Hilbert spaces S C Ly (R) C 5’
and S C Ly (My,dp (k)) C S’. Here Ly (My, dp (k)) is the Hilbert space of the square
integrable functions on the space My endowed with the measure dp (k), where My
consists of the half-line RY = {k: k* > V,} with the measure dp, (k), the half-
line R = {k: k* > V.} with the measure dp.(k), and a finite collection of points
kn, n = 1,..., N with the point measures 0(k — ky)dk. The image of H under this
isomorphism is the operator of multiplication by k2.

The introductory material of this section briefly reproduces the results of [8, 23].

4. Solution of the eigenvalue and eigenfunction problem

The guided modes in a multilayer waveguide are described by the problem (11)-
(13) with values of the spectral parameter k? € (Vy, min (V;, V,)), so that k* < 0
(Figure 3). Therefore, it is convenient to introduce the notation k; = ix; < k7 =
—k7, where k; is an eigenvalue of the problem (11)—(13), and &; is the phase delay
coefficient of the corresponding waveguide mode v; (). We have 1, (z) € Lq (R),

so that the asymptotic behaviour 1, (z) — 0 takes place.
T—r 00

V(z)

___________________ N V;

V; e
k2"

Figure 3: A schematic diagram, showing the location of the discrete spectral value
relative to the potential, k& € (Vy, min (V;, V7))

By requiring that the functions ' = E,, ¢% = H, = z‘kiu% ~ dﬁiE

the boundary conditions (12) at the points x = a and x = b (at the layer interfaces),
we obtain a collection of particular solutions from the general solutions in the

satisfy
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subregions (—o0, a), (a,b), (b, 00); this collection gives the unique (up to a nonzero
complex factor) solution of the problem (11)—(13). The analogous assertion also

holds for the functions ™ = H,, ¢"™" = B, = — 1 4 402

So, in the region (—o00, a), the general solutions of the equation (11) (in which
the coefficient Vj is supposed to be constant) obeying the asymptotic behaviour

Y (x) — 0 have the forms (for TFE and T'M modes, respectively)
T—r—00

VI (z) = Agexp (vsx), o7 (x) = Agexp (vs2), vs=VVi— k% 7 >0,

Zk() s

VM () = Byexp (), o1 M (x) = — Zk, Bexp(%),%z Vi — k2, ~,>0.

In the region (b, 00), the general solutions of the equation (11) obeying the asymp-
totic behaviour ¢ () —— 0 have the forms

T—r 00

VTP (2) = Acexp (—yex), ¢ (2) = ——— A exp (=) , Ye = VVe = k2, 70 > 0,

{ oMe

UM (@) = Beexp (=), 6 (@) = 772

In the region (a,b), the general solutions of the equation (11) have the forms (for
TE and T'M modes, respectively)

Beexp (=), Ye =V Ve — k2, 7. > 0.

ijE (x) = A}r exp (ixsr) + Af exp (—ixs),
o1 (x) = %;f [AT exp (ixgz) — Af exp (—ixsz)], x5 = VK2 =V,
ijM () = B;{ exp (ixsx) + B} exp (—ixsx),

oM (@) =~

ey [B;{ exp (ixsx) — By exp (—ixs2)], xr=Vk*=V}

Thus, these solutions are defined by (for TE and T'M modes, respectively) the col-
lection of the amplitudes (AS, A}r, Ay, AC)T obeying the system of linear equations

%TE (a—0) = %TE (a+0) & Agexp(ysa) = A}r exp (ixra) + A} exp (—ixra),

6T (a—0) = ¢7F (a+0)

J
Vs Xf + . _ .
& ——Ajexp (vsa) = —— |AT exp (ixra) — A exp (—ixra)|,
o p (Vsa) kO,U«f[ 7 exp (ixpa) — Af exp (—ixsa)]

UiP (b= 0) =" (b+0) < Afexp(ixsb) + Af exp (—ixsb) = Acexp (—vcb)

o;P(b—0)=¢"(b+0) &

J

& W[AJrexp (ixrb) — A;exp(—ixfb)] = kot CA cexp (—7:b),
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and the collection of the amplitudes (BS, B;{, By, BC)T obeying the system of linear
equations

¢]TM (a—0) = qﬁ;fM (a+0) < Byexp(ysa) = B;[ exp (ixra) + B} exp (—ixra),

oiM(a—0)=¢"(a+0) &
Vs

ik’oés

X . _ )
B, exp (7,a) = ——=- [B;[ exp (ixsa) — By exp (—ixya)],

s —
]{30€f

M (b —0) =M (b+0) & Bfexp(ixsb) + By exp (—ixsb) = Beexp (—7cb) |

oM b-0)=¢"(b+0) =

Xf + . — . e
& _Kgf [Bf exp (ixb) — B} exp (—fob)} = %Bcexp (—7eb) .

These systems have the form of homogeneous ones,

~

MTE (k) (AS’A}F’A;’AC)T = 6’ MTM (k) (Bs’ B}rv B;? BC)T = 6:

therefore they have nontrivial solutions if and only if the solvability conditions (for
TE and T'M modes, respectively),

det MTE (k) =0, det M™ (k) = 0,

are hold. Solving these equations then gives the desired discrete values
ka S (Vf7 min (Vsa Vc))

This method of computing the eigenvalues
eigenvectors (Aj, AT AL AC)T and (B, B}, By, BC)T is described in the works [9,
10] and in the monographs [12, 13, 14, 15, 16]. A detailed consideration of the
method is given in the JINR preprint [17] where one also find computer realizations
of both the dispersion relations (Figure 4) and the corresponding distributions
along the z-axis of electric and magnetic field strengthes for TE and T'M modes
(Figure. 5).

TE 1.TM .

TE
kj

and ijM

, and the corresponding

5. Computing the cover radiation modes

We consider solutions of the problem (11)—(13) in the region of continuous spectrum,
namely, k? € (V,, oo) (Figure 6).

Solutions y4 (k,z) and y_ (k, ) of the problem (19) satisfy the Jost asymptotic
conditions [22, 23]. In contrast, the solutions y, (k,z) and y. (k,x) of the problem
(19) satisty the asymptotic conditions for the scattering by the potential V' (x) [24].
In particular, the asymptotic behavior of the solutions y. (k,x) corresponds to the
scattering problem for a plane wave running on the potential V (z) from the right
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< Dispersion characteristics for several TE modes < Dispersion characteristics for several TM modes
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= do dey iy diy dy, . . . = o diy iy diy dy : : .

A 0 5 10 15 20 Ay 0 5 10 15 20
h — layer thickness (in wave-lengths \) h — layer thickness (in wave-lengths \)

Figure 4: The dispersion curves corresponding to the first spectral values: phase
delay coefficient vs layer thickness

Real part of wave modes TE,, TM, Imaginary part of wave modes TE,, TM,
o e =10, ny =159, n, =1.515, B =1.5266, 4™ =1.5223. (ol =10, ny =159, n, =1515, A" =1.5266,5™ =1.5223.
— Re@™) — Im@"")
0.010 — Re™) 0.002 |- : — Zm™)
T 0005 — Ree™) S 0001} — Zm(y™)
= — Re(p™) = — ZIm(e™)
i 0.000 - k i 0.000 -
= -0.005} 1 = —0.001} -
-0.010 1 -0.002 |- .
—-0.015 L Il 1 b L Il —-0.003 Il 1
-6 -4 -2 0 2 4 6 -6 2 4 6
T

Figure 5: The curves for the field strength (along the vertical axis) corresponding
to the first spectral values for the guided modes

V(z)

Figure 6: A schematic diagram, showing the location of the cover mode’s continuous
spectral value relative to the potential.

(from +00), which then turns out to be partially reflected backward with the re-
flection coefficient R_ (k) and partially transmitted over the potential (in the form
of a plane wave propagating to —oo) with the transmission coefficient T (k). All
the solutions v, (k,z) for all k* € (V,, 00) have the same asymptotic behaviour.

Next, the asymptotic behavior of solutions y, (k, z) corresponds to the scatter-
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ing problem for a plane wave running on the potential V (z) from the left (from
—00) to right, which is partially reflected to the left with the reflection coefficient
R, (k) and partially transmitted over the potential to the right, either as a plane
wave propagating with the transmission coefficient 7', (k) or as an evanescent wave
decaying with the weight A, (k) for, respectively, k* € (V,,00) and k? € (V,, V,).

The cover radiating modes are considered in the works [7, 8, 22, 23] as gener-
alized eigenfunctions for the equations (11) with the boundary conditions (12) and
the spectral values k € (V,00). As in the case of the guided modes, they can be
constructed by matching the general solutions of the equations (11) at the bound-
aries of the regions (—o0,a), (a,b), and (b,00). Solving of the one-dimensional
potential scattering problem with coincident asymptotic behaviours is given in the
works [26, 27].

So, in the region (—o0, a), the general solutions of the equation (11) (in which the
coefficient V; is supposed to be constant) for TE and 7'M modes have, respectively,
the forms

Vi (k,x) = TP (k) exp (—ipsz), 617 (z) = —kg;;T_TE (k) exp (—ipsz)

and

UIM (k) = T (k) exp (<ip.a) . o (@) = 72T (k) exp (=ip.).

In the region (b, 00), the general solutions of the equation (11) have the forms
VI (k, 2) = exp (—ipex) + RTF (k) exp (ip.z)
¢TE (z) = — kf;C [exp (—ip.x) — R (k) exp (ip.)] ,
PIM (K, ) = exp (—ipex) + REM (k) exp (ipex)

oo () = kag lexp (—ipex) — R (k) exp (ipex)] .

In the region (a,b), the general solutions of the equation (11) have the forms (for
TE and T'M modes, respectively)

P (x) = A exp (ixsx) + A} exp (—ixsr)
617 (x) = L [At exp (ixso) — A7 exp (—ixsz)]

Kopeg
i () = B} exp (ixsx) + Bf exp (—ixyx),
TM o Xf + . _ )
¢ (z) = "o [Bf exp (ixpx) — By exp (—ixsa)] -

Thus, these solutions are defined by (for TE and T'M modes, respectively) the col-
lection of the amplitudes (777, Ay, A7 RTE )T obeying the system of linear equa-
tions

TTE (k) exp (—ipsa) = A;{ exp (ixra) + A} exp (—ixra),
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_—ko/zs TTE (k) exp (—ipsa) = k [A+ exp (zxfa) AJZ exp (—Z'Xfa)] ’

AT exp (ixsb) + A7 exp (—ix;b) = exp (—ipcb) + RL® (k) exp (ipeh)

Xf
kopus

. _ . Pe . .
[A;{ exp (ixsb) — A} exp (—ixsb)] = T [exp (—ipb) — RTP (k) exp (ipch)]

and the collection of the amplitudes (77, AL A7 RTM )T obeying the system of
linear equations

T™ (k) exp (—ipsa) = By exp (ixra) + By exp (—ixsa),

Ps 1M
—T
k0€5 a

Xf

() exp (—ipsa) = —= - [Bf exp (ixsa) — By exp (—ixysa)]

Bf exp (ixsb) + By exp (—ixsb) = exp (—ipcb) + REM (k) exp (ipeb)

_ Pe . .
k:os [B+ exp (ixsb) — By exp (— ixsb)] = e [exp (—ipb) — R™™ (k) exp (ipcb)] .

In both cases we obtain inhomogeneous systems of algebraic linear equations of the
forms

MTE (k) (TT", A}, A7, RTE)T = (0, 0, exp (—ipch) ,

otc

T
_ kpc exp (—z’pcb)> ,

T
NITE (k) (T_TM, B;{, By, RTM)T — (0, 0, exp (—ipcb) , kzoj exp (— ipcb)) ,

so that the solutions exist for any k? € (V,,00) and are unique up to a nonzero
complex factor (Figure 7).

Real part of ¢"% (), v™ (z), "% (z), o™ ()

Imaginary part of v'% (), v™ (), ©"F (z), o™ (x)
n, =1.0, nf 1.59, n, =1.515, k 0.500.

n,=1.0, nf—159 n, =1.515, k=0.500.

[= o™ — R p o — Im(-;"”)l
- U U

(@), p(a)
(@), p(a)

30

Figure 7: The curves for the field strength (along the vertical axis) corresponding
to the first spectral values for the cover radiation modes
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6. Computing the substrate radiation modes

The substrate radiation modes are considered in the works [7, 8, 22, 23] as general-
ized eigenfunctions for the equations (11) with the boundary conditions (12). Solu-
tion of the one-dimensional potential scattering problem with coincident asymptotic
behaviours is given in the works [20, 21, 25, 26]. The solutions have different forms
for the two regions of the spectral parameter values, namely, k? € (V;,V.) and
k* € (V.,00). However, as in the case of the guided modes, the whole solution
can be constructed by matching the general solutions of the equations (11) at the
boundaries of the regions (—o0,a), (a,b), and (b, 00).

A) The spectral value location for the case k* € (V,,V.) is shown on the
schematic diagram in Figure 8.

Figure 8: A schematic diagram, showing the location of the substrate mode’s con-
tinuous spectral value relative to the potential, k* € (V;, V.).

In the region (—o0, a), the general solutions of the equation (11) for k% € (V,, V,.)
are

VI (K, z) = exp (ips (k) z) + RIE (k) exp (—ips (k) x),

¢y (kya) = kfﬂ [exp (ips (k) ) — REP (k) exp (—ip; (k) z)] ,

YIM (k,x) = exp (ips (k) z) + RLM (k) exp (—ips (k) x),
ST (k,2) = — kfg Fexp (ips (k) ) — BT (k) exp (=ip (k) )]
In the region (a,b), the general solutions of the equation (11) fork? € (V;, V.) are

VI (k) = A}r exp (ixsz) + Ay exp (—ixs),

ST (k,x) = 2L [A exp (ixsa) — A exp (—ixsa)],

a kopus
VI (k) = By exp (ixsx) + By exp (—ixyz),
X . _ .
¢?M (k,z) = _ AL [B;[ exp (ixsx) — By exp (—ixsz)] -

k0€f



58 M. N. Gevorkyan et al

In the region (b,00), the general solutions of the equation (11) for k? € (V,,V,)
have, owing to the asymptotic vanishing, the forms

UIP (k,2) = Acexp (=), 017 (@) = — - Acexp (=),

I (k,2) = Boexp (—v.x), oIM(x) = 'k% B.exp (—v.x) .
1R0E
Thus, these solutions are defined by (for TE and T'M modes, respectively) the
collection of the amplitudes (R, A AL, AC)T obeying the system of linear equa-
tions

exp (ips (k) a) + RLF (k) exp (—ips (k) a) = A} exp (ixsa) + Aj exp (—ixsa),

kf;s [exp (ips (k) a) — RL® (k) exp (—ips (k) a)] =
Xf

= AT exp (ixra) — A7 exp (—ixsa)l,
kouf[f p (ixsa) — A} exp (—ix;a)]

A;{ exp (ixsb) + A} exp (—ixsb) = Acexp (—cb),
Ve

[A}r exp (inb) - A; €xXp (—inb)] = A exp (_P)/cb) >

X _
ikO,uc

kopes

and the collection of the amplitudes (RTM, By, By, BC)T obeying the system of
linear equations

exp (ips (k) a) + RTM (k) exp (—ips (k) a) = B;{ exp (ixya) + By exp (—ixya),

e [exp i () ) — RTY () s (i, () )] =
Xf

= s, [B7 0 (ixsa) = By exp (~ixsa)]

BJJ{ exp (ixsb) + B} exp (—ixsb) = Beexp (—7.b),

X7

B ]{305]0 [B;r eXp (Zbe) B B; exp (_Zbe)} - LB@ exp (—*}/Cb) .

Zl{ioéc

In both cases we obtain inhomogeneous systems of algebraic linear equations of the
forms

T
MTE (k) (RLF, AT AT, AC)T = (— exp (ipsa), _kf,; exp (ipsa) , 0, O) ,

T
~ _ T . Ds .
M (k) (R-iT-M7 BJJ‘F7 Bf ) Bc) = (_ exp (Zpsa) ) ko—&“ exXp (Zps@) 0, O) )



Waveguide modes of a planar optical waveguide 59

Real part of "% (z), v (z), ¢"" (z), o™ (z) Imaginary part of ¢'% (z), ™ (z), ¢'" (), ¢™ (x)
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Figure 9: The curves for the field strength (along the vertical axis) for the substrate
radiation modes decaying in the cover layer.

‘/s e

Figure 10: A schematic diagram, showing the location of the substrate mode’s
continuous spectral value relative to the potential, k* € (V,, 00).

so that the solutions exist for any k* € (V,,00) and are unique up to a nonzero
complex factor (Figure 9).

B) The spectral value location for the case k?* € (V,,00) is shown on the
schematic diagram in Figure 10.

The guided modes in a multilayer waveguide are described by the problem (11)—
(13) with values of the spectral parameter k* € (Vy, min (V;, V,)), so that k* < 0
(Figure 3).

In the regions (—oo,a) and (a, b), the general solutions with k% € (V, o0) have
the same form as those for k% € (V,V,), while in the region (b, 0o) they are of the
forms

WTE (k,z) = TTF (k) exp (ipe () ), 6T (k) = %TIE (k) exp (ipe (k) 7).
I (k) = TTM (k) exp (ipe (k) @), 67 (k@) = —%TIM (k) exp (ip. (k) @) .

Consequently, the second pair of the matching equations for TE and T'M modes
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takes, respectively, the form

A} exp (ixsb) + Aj exp (—ixyb) = TTE (k) exp (ip. (k) b)

X 1At exp (i sb) — A7 exp (—isb)] = L2 EVTTE (1) exp (ipe (k) b
kouf[ 7 exp (ixsb) — Ay exp (—ixsb)] b, L+ (k) exp (ipe () D)
and
By exp (ixsb) + By exp (—ixsb) = TTM (k) exp (ipe (k) b)
: _ . pe (b .
_ka [B;‘r exp (ixsb) — B exp (—ixsb)] =— ( )TJ?M (k) exp (ip. (k) D) .
0Ef koce

As above, in both cases we obtain inhomogeneous systems of algebraic linear equa-
tions of the forms

T
NTE (k) (RIE7 A;{, Ay, TIE)T - <— exp (ipsa), _k:f; exp (ipsa) , 0, 0)

and

T
NPV (k) (REM, BF, By, T0)T = (— exp (ip.a) , 72 exp (ipsa). 0 o) ,

so that the solutions exist for any k* € (V,,00) and are unique up to a nonzero
complex factor (Figure 11).

Real part of ¢ (z), v™ (z), ' (z), o™ (x) Imaginary part of 7 (z), v™ (z), ¢'% (z), o™ (z)
n, =1.0, n; =1.59, n, =1.515, k* =0.500. n, =1.0, n; =1.59, n, =1.515, k* =0.500.
1.5 T T T T T 15 T T T T T
[= Rew™)  — Rew™)  — Re@™®)  — Rete™)] [= ™ — ™) — ™) — zme™)
1.0} 10l
o os ‘ 4 I
% o0 A ®
= -05 Y
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Figure 11: The curves for the field strength (along the vertical axis) for the substrate
radiation modes oscillating in the cover layer.

7. Conclusion

Solution of many problems of integrated optics includes spectral analysis and spec-
tral synthesis based on the complete system of solutions of a second-order differen-
tial operator governing the waveguide modes in an open waveguide. In the simplest
case, a regular waveguide operator is essentially self-adjoint and has the mixed
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spectrum: the finite nondegenerate discrete spectrum and two branches of the con-
tinuous spectrum. This complete set of modes is used to describe the waveguide
propagation of electromagnetic radiation by the comparison-of-waveguides method,
and also can be used in the incomplete Galerkin method for integrated optical
waveguides.

In this work we consider the special, but the most widespread case of a multilayer
waveguide. We give numerical solutions for the three types of waveguide modes:
guided modes, substrate radiation modes, and cover radiation modes.

The main theoretical result, on which our analysis in this article is based, is the
following theorem.

Theorem 2. Let y, (k,z) be a system of functions defined by the expressions (25)-
(27). Then it makes up a complete orthonormal system of generalized eigenfunc-
tions of operator (14) so that generalized Fourier transformation defines a uni-
tary isomorphism between the equipped Hilbert spaces S C Lo (R) C S and S C
Ly (My,dp (k)) € S'. Here Lo (My,dp (k)) is the Hilbert space of the square in-
tegrable functions on the space My endowed with the measure dp (k), where My
consists of the half-line RT = {k: k* > V,} with the measure dp, (k), the half-
line R = {k: k* > V.} with the measure dp.(k), and a finite collection of points
kn, n =1,..., N with the point measures § (k — k) dk. The image ofﬁ under this
isomorphism is the operator operator of multiplication by k2.

For the eigenvalue problem with a piecewise constant potential (in a multi-
layer waveguide) in the space of square integrable functions, numerical solutions
for discrete spectrum k; = ix; were considered in a large number of research stud-
ies, both theoretical and computational. There are basic studies [9, 10, 11] and
reviews [12, 13, 14, 15, 16] on integrated optics devoted to guided modes in waveg-
uides. The pioneering [9, 10, 11] and recent works [17, 18, 19] on integrated optics
are devoted to numerical methods of constructing the function ¢; (x) as a linear
combination of a fundamental system of solutions of the equation (11) in each of the
layers, with subsequent matching these functions at the layer interfaces according
to (12).

In this article we present numerical results for the cover radiation modes and
substrate radiation modes. Our modelling method consists in reducing the initial
potential scattering problem (in the case of the continuous spectrum) to the equiv-
alent ones for the Jost functions: the Jost solution from the left for the substrate
radiation modes and the Jost solution from the right for the cover radiation modes.

Acknowledgements. The authors are grateful to prof. Tsirulev A.N. for his con-
siderable assistance.
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