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Abstract. Ability to calculate integrals of rapidly oscillating functions is crucial
for solving many problems in optics, electrodynamics, quantum mechanics, nuclear
physics, and many other areas. The article considers the method of computing
oscillatory integrals with the help of the transition to the numerical solution of the
system of ordinary differential equations without boundary conditions. Using the
differentiation matrices reduces the problem to solving a system of linear algebraic
equations.

We have proposed several variants of constructing differentiation matrices, leading
to effective and sustainable methods of solving the systems of linear equations with
the subsequent calculation of integrals of rapidly oscillating functions for a wide
class of nonlinear and even non monotonic phase functions. We have also proposed
a simple option for computing integrals of rapidly oscillating functions in the case
of linear phase functions that allows us to express this is almost analytically. The
advantages of the proposed methods are demonstrated by a number of numerical
examples.
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1. Introduction

The calculation of integrals of rapidly oscillating functions is one of the most diffi-
cult, but very important procedures in solving applied problems in optics, electrody-
namics, quantum mechanics, and many other areas of science and technology. The
traditional algorithms for computing the integral of rapidly oscillating functions,
which are used in widely distributed computing packages such as Maple, Mathcad,
and others work fairly well for a not very large number of the simplest cases. For
example, in the design of real lighting systems the results of such calculations are
unreliable. There is a need to develop reliable and accurate numerical methods and
computational algorithms for the integration of a wide class of rapidly oscillating
functions.

To evaluate the computational complexity of this procedure, consider the inte-
gral of the form:

I:/bf(x)eiwg(x)dxz/bF(a:)da:, (1)

where the region of integration is such that the constant of oscillation w > 1 is
a “large” quantity; the amplitude f(x) and the phase g(x) are sufficiently smooth
and not oscillating functions. Even in the case of a linear function g(z) = x the real
and imaginary parts Re (f(z)e™®) and I'm (f(x)e™?) have at [a, b] about w(b—a)/m
zeros, because the phase factor is in the range of integration of the w(b — a) order.
The number of periods F'(x) is proportional to w(b—a)/(27) and each period has 2
roots. Thus, the region of integration has about w(b—a)/m zeros. This means that,
for example, the quantity of a uniform step h = (b — a)/n < 1/w in the numerical
integration needs to be small and/or must be large n > w(b —a) > w(b — a)/.
Thus, at each period of the function F(z) it is necessary to choose both a large
number of grid nodes, and a high degree polynomial for approximation, which
is disadvantageous from any point of view — all this leads to large amounts of
computation [1].

For the integrals of functions with linear phase the Filon method [2] is often used,
which works reliably and accurately. It is based on the construction of composite
quadrature formulas, in which the interpolation polynomial of low power for the
phase f(z) is used at each partial interval, and further integration is performed
accurately. For example, the computation of the expression

b

/ 2k e dy

a

may be carried out by integrating by parts or by using the relation

b

, 1

/I’kezwzdl’ = W [F(l + k', —'l(A)CL) — F(l + k, —ZWb)] s
—W
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where I' is the incomplete gamma function.
In applications, however, irregular oscillations leading to integrals of the form

b

/xkeiwg(x) dr

a

are often found. In this case all depends on the type of the oscillator g(z). In the
case of a simple form of the oscillator the Filon’s method can be used, for example,
for polynomial functions of the typeg(z) = z". But even for functions g(z) = 2* —x
or g(xz) = cosx the Filon’s method is not applicable [1].

The Levin’s collocation method [4] is suitable for finding the oscillatory integrals
with more complex phase function. It consists in the transition to solving a system
of ordinary differential equations for obtaining the primitive of the integrand that

is defined by a function p(z) satisfying the condition

d . ‘
- iwg(z)] — iwg(z) 2

= [pla)e ] = fa)e &)
After obtaining the function p(x), one can calculate the value of the integral of the
oscillating function

b b
. d . A ‘
1) = [ gerde = [ £ [pe] de = p(B)er® — pajen@. (3

We can rewrite the condition (2) in the equivalent form p’ + iwg'p = f, or, for
brevity, L [p] = f where

Lip] = p' +iwg'p. (4)

Note that the method does not use the boundary conditions, as any particular
solution gives a solution to the problem of the value of the definite integral. In
this method, the problem of computing the integral is replaced by the “equivalent”
problem of finding the values of the primitive function at two points at the ends
of the integration interval [a, b], allowing to calculate the value of the integral I [f]
with the formula (3).

Consider in this context the problem of finding a primitive of the integrand,
namely the function p(x) satisfying (2). The spectral methods for obtaining the
required function are to represent it in the form of the expansion

p(x) = crn(x) (5)

on the basis of {¢x(x)}]° in some Hilbert space. To achieve acceptable accuracy
it’s necessary to use a sufficiently large number (n + 1) of members of the series.
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Consider the “operator” L(p) : L|[p](x) = f(x). It is required that with some
coefficients ¢, k = 1,...,n the solution should satisfy

L [Z cmk(l“)] (z) = f(x). (6)

k=0

The collocation method that is related to the spectral methods consists in finding
the coefficients of the expansion of the solution of the differential equation (4) by
the values L[p] (x) = f(z) in a given set of collocation nodes {zq, ..., z,}, i.e. the
coefficients ¢; can be determined as the solution of the system of collocation:

Lpl(x0) = f(x0), ., L [p] (xn) = f(2n)- (7)

In determining the approximate value of the integral I [f] in the form

b b

QL [f] _ /L(p)eiwgdx — /% [peiwg} dr = p(b)eiwg(b) _ p(a)eiwg(a) (8)

the following estimate of the approximation error [5] is valid:

If]=Q"[f]=0w™),

— in the case where the boundary points are not included in the number of the
grid nodes;

If] = Q"[f]=0w™),

— in the case when the boundary points are included in the number of the grid
nodes.

These estimates imply a very simple practical conclusion: the presence of the
boundary points within the grid points increases the accuracy (an order of magni-
tude more) of the solution.

Thus, the problem of calculating the rapidly oscillating integral (1) can be re-
duced to solving a system of linear algebraic equations (SLAE) (7). With a suit-
able choice of the points of the approximation, their location within the interval of
the integration and their number, the increase of accuracy of the solution can be
achieved [6, 7]. The conditionality matrix of the system may also depend on it (6).

2. Approximation to the required function using the Cheby-
shev polynomials

The Chebyshev polynomials of first kind have the best use in practical calculations,
among various basis systems of polynomials for approximation on finite segments.
Therefore we examine the Chebyshev polynomials of first kind as basic functions.
Let us assume that we know the values of n-th degree polynomial in (n + 1) points
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— 1,...,T,. Then these values determine the polynomial in the only way, so its
derivatives’ values in these points - p'(x) = dp(z)/dz. The value of the derivative
in every point can be expressed as a linear combination of these values in these
points. This relation can be expressed in the matrix form:

P’(xo) doo -+ don p(xo)
o= o z (9)

p/(xn) an dnn p(mn)

Thematrix D = {d;;} is called the differentiation matrix (in Gauss-Lobatto nodes).

If you choose the Chebyshev polynomials of the first kind as basic functions,
and points of arrays are Gauss—Lobatto nodes, then the elements of the matrix of
differentiation can be found using the following formulas [8]:

_ 1)k
djk:( ) , 0<j#k<n,
XTj — Tk
1 T
dpyp = ————— 0<k<
kk 21_'17%7 n,

1 1
dOOI 6(1—1—2712), dnn: —6(1+2n2),

(-1)*

dor, = , 0<k<n,
1—$k
1 (=1
dkof—il_xk, 0<k<n,
1(_1)n—k‘
dyn = 5 —"—, k <n,
= T VSRS
_1nfk
do = -2 gk,
1+ZL’k
1 1
doy = = (=1, dpo = —=(—1)".
on=5(=1)", duo=—3(-1)

Such matrix is called the Chebyshev Differentiation Matrix.

Note: a easy to check that the sum of column of the Chebyshev Matrix equals
zero vector, so the Matrix is degenerate (8] (see also [9, 10]).

As above we are going to find the solution in the form of an infinite expansion

[e.9]
in the orthogonal basis functions p(x) = > axér(x) and approximate it with the

k=0
finite series of this sum. We assume that the Chebyshev polynomials of first kind
are chosen as basic functions to find the derivatives of the required solution. The
expression for the derivative is:
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The recurrent relation Ty (z) = 22T} (x) — Tr—2(x), k = 2,3,... with the start-
ing conditions To(x) = 1, Ti(z) = x allows us to develop the recurrent relation
between the coefficients of expansion of the original function and the coefficients of
its derivative:

(1 0 —1/2 bo a
1/4 0 —1/4 b1 as
1/6 0 —1/6 bg as
1/8 0o -1/8 w | b3 | = | ag (11)
2n172 0 bn—? Ap—1
| %_ _bnfl_ _an_

We can derive the formula from this recurrent relation that connects these coeffi-
cients in reverse order with the use of the differentiation matrix A in the dimension
of coefficients:

Aa=Db (12)

(1/c;) x 25, if i>j and sum i+ j — isodd
where A;; 0 )

, otherwise
2, 1=0,
1 +>0.

For example, with n = 4 the transformation is

Here 0 < 4,5 < n, ci:{

01030 Qo bo
0 4 0 8 aq bl
Aa=b & 0 60 as | = b2 (13)
0 8 as b3
0 ay b4
The (7) equation in this model of solution is converted to:
2 . . ,
b—TAa+ i - diag(g')Ta = f, (14)
—a

where T is the array of (n + 1) x (n + 1) size, each line of it consists of the values
of (n + 1)th Chebyshev polynomial Ty(x), ..., T,,(x), calculated in the xth node of
random array.
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Let’s add some details to this formula:

T0,0 Tl,O Tg,o .. Tn,O 010 3 Qo
T071 T171 T271 e Tn,l 0 4 0 aq
T()’z TLQ T272 R Tn72 0 6 as | +

TO,n Tl,n T2,n s Tn,n 0 G,

9’0 To,o T1,0 T2,0 S Tn,o Qo fo

g Tox Ty Ton ... Tha| |aa fi

+ 7 9,2 TO’Q TLQ T2’2 e Tn’g a9 = f2 . (15)
gln TO,’VL Tl,n Tgm Ce Tn,n Qyp, fn

Here we use T;, j = Ti(z;) and g; = ¢'(x;) notations to make the derivation
shorter.

The solution of this system of linear algebraic equations relative to a = (ay, a, ..., a,)
coefficients of the solution expansion in the basic functions allows us to define the
approximate value of the integral with the use of Eq. (3).

3. The method of quadratures based on application of the
Chebyshev differentiation matrix in physical space
If we consider the integral on a segment x € [a,b], then for transferring to the

standard region of definition of the Chebyshev polynomials [—1, 1] it is possible to
change the variables z = b_T“t + I’J’T“, t € [-1, 1]. Then

p'(x) = Pt). (16)

According to the introduced linear transformation the Gauss-Lobatto nodes t; =
cos(+2) in the initial co-ordinates are of the form

N-1
b— ; b
x; = acos(Nﬂj )+ +a 7j=0,1,.., N -1

2 -1 2’

The vectors of function values and their derivatives in the Gauss—Lobatto nodes
are calculated according to the formulas

(17)
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It is obvious that according to the definition of the Chebyshev differentiation
matrix, we can express p’ in the vector-matrix form from (16) with the account of
(9),

y_ 2

b—a

p Dp. (18)

In the grid nodes of z;, the equations (7) will be expressed of a form

Pi(xo) 9;(900)?(%) f(zo)
p'(w1) i g (xl):p(xl) _ f(iljl) ‘ (19)
P/(JUNA) g,(xN71>p<xN71) f(iUNA)

Let us substitute (17) and (18) into (19). Then the system can be expressed in
the form:
2 : :
s PP +i - diag(g)p = f, (20)
or

(D +iA)p = M, (21)

where A = (b—a)/2, A = diag(\g' (o), \g'(x1), ..., A\¢'(xn_1)) is a diagonal matrix.
The solution of the system (21) contains p(b) and p(a) and the required integral is
calculated according to the formula (8). Thus, the integral calculation is reduced
to solving a system of linear equations (21).

The differentiation matrix D is singular, but its condition number improves with
addition of the diagonal matrix ¢A which has no zeros on the diagonal [11]. We
will assume that in one or several points of the Gauss—Lobatto grid the function ¢’
becomes zero. Then it is possible to choose a new grid with the different quantity
of nodes, so that ¢’ does not become zero on it. Moreover, in all those cases when
¢’ has a finite number of zeros on an investigated segment, for some sufficiently
great number of grid nodes there exists the Gaussa-Lobatto grid with N points,
not containing any zero of the function ¢’. Besides, the application of the Tikhonov
regularization method also allows to provide the steady solution of the system and,
hence, calculation of the required integral.

4. Method of quadratures based on application of Cheby-
shev differentiation matrix in the momentum space.

A rather simple system of equations can be derived in the case where the function
g(x) is linear, i.e. ¢'(x) = const = ¢’. Then, pre-multiplying the first and the
last equation of system (15) by 1/4/2 multiplying the system to the left by the
transposed matrix T7 and using the properties of the discrete orthogonality of

the Chebyshev polynomials defined on the Gauss—Lobatto grid, we can bring the
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system (15) to the upper triangular form

-iToQ(%‘) 0 0 0 ]
0 iTg(:@) 0 0
0 0 ijg(x,) 0 x
= 0 ..
0 0 0 > T3 ()
) 010 3 g ) ao |
04 O . g ai
X 0 6 A+ g as | =
o , an
To(zo)/V2 Tolar) To(za) ... Tolxa)/V2] [fo/V2
Ti(zo)/V2 Ti(x1) Ti(xa) ... Ti(wa)/V2 hi
= Tg(l'o)/\/i TQ(ZB1> Tg(l‘g) e Tz(xn)/\/i f2 (22)
T@)/VE Tulw) T .. Tow)/V2] Lf/va
Here
> THw) :% ]?(x0)+7;2(x1>+7;?(x2>+...+Tf(nn1)+%132(xn), i=0.....n.

Given the specific values of the norms of the Chebyshev polynomials on the
Gauss-Lobatto grid the system (15) is reduced to the form

n 0 0O ... 0
0 n/2 0 ... 0
0 0 n/2 ... 0]x
A

0 0 0 . n

01 0 3 q ao |

04 0 I ay

X 0 6 +1 g as | =
0 g an

Toeo)/VZ Toler) Tows) ... To(ea)/V2] Lfu/v2
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Let us consider a more general case, where ¢'(x) # const, but ¢'(xz) # 0 for
all z; = cos (%), then the resulting system of linear algebraic equations with a
triangular matrix is still not degenerate. In both cases it is easy to get the solution
of the system with triangular nonsingular matrix, for example, by the reverse sweep
of the Gauss method

ing n 0 3n ... 0 ag
0 ing'/2 2n 0o ... 0 a
0 0 ing/2 3n ... 0 as | =
0 0 0 0 ... ing| |an

(22) ... To(xa)/V2] [fo/V2
(z2) ... Ti(zn)/V2 fi
(z2) .. T2(1L"n)/\/§ f2 (24)

This system can be expressed as

- n —_

> To(zy) f ()

ny k=0
"0 m;'/Q 2On 3(;1 . 8 ZT 2 Tiler) fa)
O 0 0 O mg, an =0
i T (i) f (k)
Lie=0 i
wherein f:o, j = 0,...,n has the same meaning as in formula (23), dividing both
=

sides of the system by n we obtain

-% ki_OTO(xk)f(%)-
Zg z’g’l/2 g g 8 Z(l) % kZZO Ti (k) f (1)
R B I I D oR CVIE) R
0 0 0 0 .. i |am o
%I;_()Tn(xk)f(ﬂfk)

The system of equations (26) in the case of ¢'(z) = const admits the analytical
solution. With the help of the integral (3) it can also be expressed in the analytical
form.
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5. Alternative method of representation of the Chebyshev
differentiation matrix, based on the use of other recurrence
relations

Using the recurrence relations [8],

2T, (z) = % (Thi1 (@) + Tjn-qy(@)), n=0,1,.., (27)
d - nT oy (2) = Thpa(x)
%Tn(-??) =3 =22 2l # 1, (28)

we obtain a different from (13) expression for the Chebyshev polynomial derivative
of n-order

(g = 2Totl@) = Tuna(@) _ nToal@) = PoTl@) = Ty (@)
de™ " 2 1 — 12 5 2
= ”Tm_l(f )__xf To(@)  (99)

The usage of this expression for the presentation of the derivative of the desired
solution when |z| # 1, x € (0, 1) leads to the equation

s Himi, Z’ff a; +iq (x ZT (). (30

J=0 J=0

To express the differential equation in boundary points a well-known [8] expression
for Chebyshev polynomial derivatives can be used at pointsz = £1: T)(£1) =
+n?T,(£1), n=0,1,2,.... Then we obtain that on the interval boundary [—1, 1]
differential equation is satisfied in case when

n n

D (EWRPTy(+1)a; +iq (2) Y Ty(+1)a; = f(£1). (31)

J=0 J=0

Taking into consideration, that T, (£1) = (£1)", let us write out algebraic
equation set (29)—(30) for the Gauss-Lobatto grids in formula indication (15)
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[0 1 4 9 n? T
To1—x1T11 2T1,1*ZD1T2,1 Ty 1—x1T31 Tn_1,1—21Th 1
1711 e e 3= n—;i 2
1—x 1—x 1—x 1—x%
To‘2*f62]T1,2 2T1,2*I2]T2,2 3T2,2*9021T3,2 nTn—l,2*$2Tn,,2
l—wg l—mg 1—1% l—wg

To,n—l_xn—lTl,n—l 2T1,77,—1_-’E7L—1T2,n—1 3T2,n—1_mn,—1T3,n—l Tn—l,n—l_xn—lTn,n—l

n

1—z7 1-a? 1—zp 1—z7
0 1 —4 9 ()"~
% : fao | [ fo]
: 0 0
) ) Too Tio To0 - Tho a 1
a1 . TO,l Tl,l T271 Tn,l a f
+1 q/2 : To)g Tl,g T272 Tn72 X 2 = 2 . (32)
a1 .
TO,n Tl,n TQ,n Tn,n " fn
, | On | L fn |
L qn_

As before, in case, when ¢'(z) # 0, the system (31) is non-degenerate and can
be solved by one of the standard methods. The solution of this system regarding
the expansion coefficient of the solution in the Chebyshev polynomials makes it
easy to calculate the values of p(a) and p(b):

pla) =) a;, pb)=> (~1)a; (33)
j=0 J=0

The value of the required integral is calculated using the formula (8). Thus,
this differentiation matrix representation allows to display clearly non-degeneracy
of the system of linear equations (31) in the cases, when ¢'(z) # 0 in all the grid
points. Previously, it was shown that for the phase function with a finite number
of zeros of its derivative, such Gauss-Lobatto node grid can be chosen to solve the
resulting system of linear equations in a sustainable manner.

6. Numerical examples

To demonstrate the results of our research, we have chosen such numerical examples,
which are widespread (as example 1), or which are of fundamental importance (as
examples 2.3).

Example 1. For solving practical problems it is often necessary to calculate
the Bessel functions with high indices for large values of the argument. There are
a large number of procedures for the calculation of the Bessel functions [12]. We
compare our proposed approach with the BesselJN procedure from the well-known
package Cephes Math Library [13], for testing the functionality of our method. We
use one of the well-known representations of the Bessel function in the form of
integral from a rapidly oscillating function

1 r TR
Jn(x) /e inT=asinT) g (34)

" or

—T
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Figure 1 shows a graph of the integrand function.

Function cos(nt-xsin(t)), -n<t<m, n=100, x=80

TR

Figure 1: The graph of the real part of the integrand function in the integral
representation of the Bessel function (33) 100-th order at the point z = 80

The Bessel function was calculated at different values of the indices and the
large values of the arguments (see Fig. 2). The function values calculated by this
algorithm were compared with the values defined in the program BesselJN from
a well-known package [13] by Stephen L. Moshier. The deviation (in the graph,
multiplied by 10" — red line) for all calculated values is less than 2.62e-11, for the
calculations with double precision.

Bessel function
0.144

T T T T T T T T T 1
a0 85 80 95 100 105 110 118 120 125 130

Figure 2: Comparison of the calculated values of the Bessel function of the 100-th
order on the interval [80, 130], received according to the BesselJN program and our
method

The solution of the following tasks analyzed in works [4, 11, 14] requires the
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selection of special parameters (system matrix norm), when using our algorithm
the selection of the specific parameters isn’t required, the decision turns out steady
anyway. We compare the results with the exact decision, listed in the same works.
Example 2. In Ref. [11] as the first example it was proposed to calculate the

1

£1500(z

integral I = [ sin(x) )dx, proposed originally in work [4]. The exact value of
0

this integral was given in the same work

I = (4.59859397840143 — i x 3.15443542737400) x 10~ *.

We have carried out the integral calculation on the Gauss—Lobatto nodes with
the number of points from 20 to 34 by methods described by us. We solved the
obtained system of linear equations by the LU-method of decomposition or SVD-
method [3]. In all cases the identical results were received with computer accuracy
(see Fig. 3). Numerical values of the relative error are plotted in the Figure in
comparison with the exact value depending on the number of points of a grid.

Relative Error

1.4E-14 —
1.2E-14 —
10E-15 —
BE-15 -
BE-15 -

4E-15
2E_1E_\
—
24

Figure 3: Relative error of computation depending of number of nodes: green line —
imaginary part (minimum equals 6.2397625708279¢-16 at N= 32), black (minimum
equals 1.4829300966583¢-16 at N= 25) — real part

: . ——T— —— —— — —
26 28 30 32 34
Number of Nodes N

Further expansion of a number of collocation points does not increase the accu-
racy of integration.
Example 3. In work [11] as the second example solving an integral

2
I= /em sin(50 cosh(x))dz,
0

initially introduced in work [14] was suggested.
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In the same paper the exact value of the integral was given
I =0.143079115028939 + 0.070765298796184.

We conducted integration on the Gauss-Lobatto grid with the number of nodes
ranging from 39 to 49 using the methods described by us. We have solved the
obtained System of linear equations by using LU decomposition method or SVD
method [3] in all cases identical results with computer-accuracy were obtained (see
Fig. 4). In the graph the numerical values of relative error compared with the exact
value depending on the number of nodes on the grid are shown.

Relative Error
25613 —
20E-13 —
1.56-13 —
10E-14 —

EEJMK

[N, S AAREEEE e e e S LSS
39 40 41 42 43 44 45 48 47 48 45

Number of Nodes N

Figure 4: Relative error of computation depending of number of nodes: green line
— imaginary part (minimum equals 4.96623859329411e-15, N=44), black (minimum
equals 2.4626386140239¢-15, N=41) — real part

The number of collocation points can be increased over adduced values, but
such increase of the number of nodes does not lead to the calculation accuracy of
integration.

7. Conclusion

Several practical ways of effective and sustainable solution of linear equation sys-
tems with the following solving of integrals from rapidly oscillating functions by
using Levin’s method for wide class of non-linear and even non-monotonic phase
g(x) functions were offered by us. Also an easy way of integration from rapidly os-
cillating functions in case of linear phase functions allowing to write out the value
practically was offered, which allows getting the solution in almost analytical way.

Universal quadrature method for one-dimensional oscillating integrals allowing
to obtain a very exact output computation of integral by reducing the task to
the solution of linear algebraic equation sets is researched in this paper. This
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method leads to very accurate results even in case of degenerate linear algebraic
equation sets. The advantage of this method is that the result can be reached with a
small number (compared to direct numerical calculation technique) of sub-integral
function calculations.

In the fifth section, we have proposed an alternative method of representation of
the Chebyshev differentiation matrix based on the use of other recurrence relations.
This differentiation matrix representation allows to demonstrate explicitly non-
degeneracy of System of linear algebraic equations resulting from the Levin method
in the cases when ¢'(z) # 0 in no grid points. Previously, it was shown that for the
phase function with finite numbers of zeros of its derivative it is possible to choose
such Gauss-Lobatto grid nodes and in a sustainable way to solve the resulting
system of linear equations.

In the last section of the article the advantages of our approach are demonstrated
by a number of numerical examples.
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