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1 . Introduction
The subject of this paper is the solving of the system of dynamical equations of
nonlinear elasticity for uniaxial large deformations. It should be noted that that
a number of similar problems were solved earlier. For example, solutions for nonlinear waves (solitons) in solids are obtained in [2, 8, 10]. Also, some solutions for
incompressible materials are known [3, 4].
An exact solution of one of the dynamical problems of nonlinear elasticity is
obtained in [12], where the material properties are described by the two-constant
potential (a particular case of the Murnaghan potential [7]). The solution is selfsimilar and is found using the similarity method [11]. In this paper, we use the
same approach for the Blatz–Ko material.

2 . Statement of the problem for the Blatz–Ko material
The problem is formulated in the frame of initial (undeformed) configuration. The
system of equations is written in tensorial form and consists of the following equations:
The equation of motion
0

∇ · P + ρ0 f = ρ0 a ,

(1)

where ρ0 is the initial material density, f is the vector of body forces (hereinafter
∂2u
this vector is neglected), a = 2 is the acceleration vector, u is the displacement
∂t
vector, P is the first Piola stress tensor [7],
P = (1 + ∆)Ψ∗ −1 · σ,

(2)

and σ is the Cauchy stress tensor;
Kinematic equations
G = Ψ · Ψ∗ ,

F = Ψ∗ · Ψ,

0

(1 + ∆) = det Ψ ,

Ψ = I + ∇u.

(3)

Here G is the Cauchy–Green deformation tensor, F is the Finger strain tensor, Ψ
is the deformation gradient, ∆ is the relative volume variation, and I is the identity
tensor.
The Blatz–Ko potential has a form [1]




1
1 −α
1
1 α
−1
W = µβ I1 + (I3 − 1) − 3 + µ(1 − β) I2 I3 + (I3 − 1) − 3 .
2
α
2
α
, where Ik = Ik (G) are invariants of the Cauchy–Green deformation tensor G.
An exact solution is obtained for the particular case of this potential with β = 0
and α = 1/2. The constitutive equations for this case may be written as
nh
i
o
σ = µ[I3 (G)]−3/2 [I3 (G)]3/2 − I2 (G) I + I1 (G)F − F2 .
(4)
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3 . The solution of the problem for one-dimensional case
We investigate the one-dimensional motion in the direction of x-axis when u =
u(x)e1 . In this case
F = G = (1 + ux )2 e1 e1 + e2 e2 + e3 e3 ,
I1 (G) = (1 + ux )2 + 2,

I2 (G) = 2(1 + ux )2 + 1,

I3 (G) = (1 + ux )2 .

(5)
(6)

Substitution of Eqs. (5) and (6) into Eq. (4), taking into account the relation
(2), yields:


P11 = σ11 = µ 1 − (1 + ux )−3 .
(7)
Next, substituting this expression into the equation of motion (1), we obtain
µ


∂ 
1 − (1 + ux )−3 = ρ0 utt .
∂x

(8)

This equation may be written in the form
utt = [f (ux )]x ,
(9)
p
where f (ux ) = k 2 [1 − (1 + ux )−3 ], k = µ/ρ0 .
In order to solve equation 9, we shall use the new independent variable y = x/t
and seek the solution in the form u(x, t) = t U(x/t) = tU(y). As a result, we have
the equation
U ′′ (y) {y 2 [1 + U ′ (y)]4 − 3k 2 }
= 0.
(10)
t[1 + U ′ (y)]4
This equation can be decomposed into the two equations:
U ′′ (y) = 0

(11)

y 2 [1 + U ′ (y)]4 − 3k 2 = 0.

(12)

and

The solution of Eq. (11) is
U(y) = C1 y + C2 ,
where C1 and C2 are constants. After the replacement y = x/t and substitution of
this solution into the expression u(x, t) = t U(x/t), one finds
u(x, t) = C1 x + C2 t.
This solution describes a homogeneous deformation coupled with the uniform motion. Eq. (12) can be solved with respect to U ′ (y):
p
√
4
U ′ (y) = −1 ± 3 k/y.
(13)

where we assume k > 0.

K.M. Zingerman

30

Figure 1: The distribution of u along x-axis at different moments in time.
Integrating Eq. (13) we have
p
√
4
U(y) = −y ± 2 3 ky + C.

(14)

If we replace y by x/t in Eq. (14) and substitute the result into the expression
u(x, t) = t U(x/t), we obtain the final formula
√
√
4
(15)
u(x, t) = −x ± 2 3 ktx + Ct.
A boundary condition should be specified in order to find the constant C. In
particular, one can write the boundary condition in the form u(a, t) = 0, where a is
a given point. Note that the solution above is finite at t = 0 and tends to infinity
as t → ∞. It can be shown that the true stresses tend to infinity as x → 0.
The plots of the solution are shown in Figs. 1 and 2 for the case k = 1,
u(1, t) = 0, and with the positive sign before the second term in the formula (15).
The distribution of the displacement u along x-axis at different moments in time
is presented in Fig. 1, and the distribution of the true stress σ11 along x-axis at
different moments in time is shown in Fig. 2.

4 . Conclusion
We obtain an exact analytical solution of the one-dimensional dynamical problem
of nonlinear elasticity for the Blatz–Ko material under finite strains. This solution
may be used in testing of numerical solutions [6] for dynamical elasticity problems
under finite strains.
Acknowledgements. The author is grateful to Prof. V.A. Levin for useful discussions.
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Figure 2: The distribution of true stress σ11 along x-axis at different moments in
time.
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