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1. Introduction

Recently, many mathematical models have been proposed to describe the dynamics
of human infectious disease and understand the mechanism of disease transmission
[1, 2]. The basic and important research subjects for these systems are the existence
of the threshold value which distinguishes whether the infections disease will die
out, the local and global stability of the disease-free equilibrium and the endemic
equilibrium, the persistence and extinction of the disease, etc.

Tuberculosis (TB) which is a deadly disease is on the rise and revisiting both
developed and developing countries. It is second only to HIV/AIDS as the great-
est killer worldwide due to a single infectious agent. It is an infectious disease
caused by bacteria whose scientific name is Mycobacterium tuberculosis. It is
spread through the air when people who have an active Mycobacterium tuber-
culosis infection cough, sneeze, or otherwise transmit their saliva through the air
[3]. Only people who are sick with TB in their lungs are infectious.

Recently, mathematical models have played a key role in the formulation of TB
control strategies. And mathematical models have established the interim goals
for intervention programs [4, 5]. In 1962, Waaler et al. [4] introduced the first
mathematical model for TB in ordinary differential equations. After the seminal
models of Waaler et al., there were several numerical studies, primarily focusing on
the dynamics of the mathematical model for TB transmission [6, 7]. The simplest
TB transmission models include classes of susceptible, exposed and infective indi-
viduals, and hence are know as SEI models. More factors, such as drug-resistant
strains, fast and slow progression, confection with HIV, relapse, reinfection, mi-
gration, treatment, seasonality and vaccination are incorporating into studying the
transmission dynamics of TB by many authors [5, 6, 7, 8, 9, 10, 11, 12, 13]. In [5],
C. Castillo-Chavez and Z.L. Feng formulated one-strain and two-strain TB models
to determine possible mechanisms that may allow for the survival and spread of
naturally resistant strains of TB as well as antibiotic-generated resistant strains of
TB. In 1998, Dye et al. present a model with explicit fast and slow progression
from two latent classes [8]. In [9], Y.C. Zhou et al. formulate a difference equation
model to projection of TB incidence with increasing immigration trends. In [10],
L.J. Liu et al. presented a TB model incorporating seasonality. Elad Ziv et al. [11]
used mathematical models to predict the potential public health impact of new TB
vaccines in high-incidence countries. C.P. Bhunu et al. presented a tuberculosis
transmission model with chemoprophylaxis and treatment [12].

So far as we know, all the models have been restricted to integer order ordinary
(or delay) differential equations. In recent decades, it has turned out that many
phenomena in different fields can be described very successfully by the models using
fractional-order differential equations [14, 15]. Fractional calculus has found wide
applications in many areas of science and engineering. And fractional calculus plays
a key role in superdiffusive and subdiffusive processes, which makes it a useful tool
in epidemiology [16, 17]. There are two reasons for considering a fractional order
tuberculosis system. One is the fractional order models are more accurate than
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integer-order models as fractional order models allow more degrees of freedom.
Another is that we like to argue that fractional order differential equations are
more suitable than classic integer order ones in epidemic systems where memory
effects are important [18].

In this paper, we will discuss a fractional-order tuberculosis model with fast and
low progression.

2. Model derivation

Firstly, we present the definition of fractional-order integration and fractional-order

differentiation [19]. For fractional-order differentiation, we will use Caputo’s defi-

nition, due to its convenience for initial conditions of the differential equations.
Definition 2.1. The fractional integral of order & > 0 of a function f : R™ — R

is given by
1

I = @/0 (x —t)* L f(t)dt

provided the right side is pointwise defined on R*. Here and elsewhere in this
paper, I' denotes the Gamma function. Definition 2.2. The Caputo fractional
derivative of order a € (n — 1,n) of a continuous function f: Rt — R is given by

d

Df(x) =T""D"f(x), D=—.

In particular, when 0 < o < 1, we have

Do f(a) = —— )/Ox(f/(t) dt.

Nl —« T —t)”

In [20], S.M. Blower et al. presented a tuberculosis model with fast and low
progression in the following:

ds
g_b =A—pBSI —puS,

— =1 =p)BSI = (k+p)E, (1)
g =pBSI+kE — (d+ p)l.

The model has a susceptible group designated by S, an exposed group E, and an
infected group I. The parameters of system (2.1) have the following meaning: A
is the recruitment rate of the population, g is the per capita contact rate, u is the
natural death rate of the population, p is proportion of new infections that develop
TB within a year, k is the rate at which the exposed individuals become infective
(so that 1/k is the mean latent period), d is the disease-related death rate. In
[7], the global dynamics of system (2.1) is resolved through the use of Lyapunov
functions.
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Now we introduce fractional order into system (2.1). The new system is de-
scribed by the following set of FODE:

DS = A — BSI — uS,
DE = (1—p)BSI — (k+ p)E, (2)
DI = pBST+ kE — (d+ p)l.

The initial conditions for system (2.2) are
S(0)=5°>0, E(0)=E">0, 1(0)=1°>0. (3)

We denote
R? ={(S,E,I)eR*,S>0,E>0,1>0}

3. Non-negative solutions

In order to prove that the solutions of system (2.2) are non-negative, we need the
following lemmas.

Lemma 3.1. (Generalized Mean Value Theorem)[21]. Suppose that f(x) €
Cla,b] and D¢ f(z) € C(a,b], for 0 < a < 1, then we have

1 o [
f(z) = fla) + @(Daf)(f)(ﬂf —a)
with a < ¢ <z, Vx € (a,b].

Lemma 3.2. Suppose that f(z) € Cla,b] and DS f(z) € C(a,b], for 0 < a < 1.
If D¢f(z) > 0, Yz € (a,b), then f(x) is nondecreasing for each = € [a,b]. If
D& f(x) <0, Vz € (a,b), then f(z) is nonincreasing for each x € [a, b].

Theorem 3.1. There is a unique solution z(t) = (S, £, )" to system (2.2) with
initial condition (2.3) on ¢ > 0 and the solution will remain in R?. Furthermore,
S, E, I are all bounded by g.

Proof. The existence and uniqueness of the solution of (2.2)-(2.3) in (0, +00)
can be obtained from Theorem 3.1 and Remark 3.2 in [22]. In the following, we
will show that the domain R? is positively invariant. Since

DQS‘SZO - A Z 0,
D*E|p—o = (1 —p)BSI >0,
D*I|;—g = kE >0,
on each hyperplane bounding the non-negative orthant, the vector field points into

R? by using Lemma 3.2.
From system (2.2), we can obtain

DY S+E+)=A-pu(S+E+I)—dl <A—p(S+E+1).

Hence,
D*(S+E+1)|g py—a <O.

Thus, S, E, I are all bounded by % by using Lemma 3.2.
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4. Equilibria and their asymptotical stability

To prove the locally asymptotical stability of equilibria of system (2.2), the following
lemma is useful.

Lemma 4.1.[15] The equilibrium (z,y) of the following frictional-order differ-
ential system

{ Dex(t) = fi(z,y), DY(t) = folz,y), a € (0,1],
2(0) = 0, y(0) = yo

is locally asymptotically stable if all the eigenvalues of the Jacobian matrix

oh A
oz 0
T=\ op ok
ox oy

evaluated at the equilibrium (z,y) satisfy the following condition:

am
|arg(A)| > -
The basic reproductive ratio of system (2.2) is Ry = %. To evaluate

the equilibria, we let
D*S =0,D*E =0,D*I =0.

It is easily to know that if Ry < 1, then the disease-free equilibrium Fy(.Sp, 0, 0)
is the unique steady state, where S, = %; if Ry > 1, then in addition to the

disease-free equilibrium, there is only one endemic equilibrium P*(S*, E*, I*), where

g — ktwdtp) v _ ABktup)—pktp)(dtp)  pw . (A=p)[ABktup) —pk+m)d+w] 1 the
_ Bk+pu) 7. ] B(p+k) (k+pp) 2 C Blutk)(k+pp)

following, we will discuss the local stability of the disease-free equilibrium and

endemic equilibrium.

Theorem 4.1. The disease-free equilibrium P, is locally asymptotically stable
if Ry < 1 and is unstable if Ry > 1.

Proof. The Jacobian matrix J(Fp) for system (2.2) evaluated at the disease-free
equilibrium Fy is given by

—H 0 —BS0
JP)=| 0 —(k+p) (1-p)BSo
0 k pBSo — (d + )

Hence, the characteristic equation about Fy is given by
A+ 1) (A2 4+ A\ + Ay) =0, (4)
where Ay = L[kp + pd + p? — pBA] and Ay = [k + p)(d + p) — AB(k + pp))-

Obviously, Ro < 1< Ay > 0 and Ry > 1 <& Ay < 0. All the eigenvalues are
)\1 =—u< 0, /\273 = %[—Al + A% — 4142]
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If Ry < 1, then the three roots of the characteristic equation (4.1) will have neg-
ative real parts. Thus, if Ry < 1, the disease-free equilibrium F, is asymptotically
stable.

If Rog > 1, at least one eigenvalue will be positive real root. Thus, if Ry > 1,
the disease-free equilibrium Fy is unstable.

In the following, we consider the local stability of the endemic equilibrium P*.
The Jacobian matrix J(P*) evaluated at the endemic equilibrium P* is given as:

—BI* — 0 —B3S*
JP)=| 1=p)pl* —(k+pn) (1—p)Bs*
pBI* k pBS* — (d+ )

The characteristic equation of J(P*) is
f(A) = /\3 + (ll)\2 + CLQ/\ +as = O, (5)

where

ar =d+k+3p+ BI* — pBS*,

ay = kd + BkI* + 28ul* + BdI* + 2k + 2ud + 3u2 — 2uBpS* — BkS*,

az = Bl + Budl* + Bkul* + BkdI* + ku® + p*d + pkd + p® — p?BpS* — pBkS*
= AB(k + pp) — plk + p)(d + ).

Hence, az > 0 when Ry > 1. And we can easily obtain a; > 0.
Proposition 4.1. The endemic equilibrium P* is locally asymptotically stable
if all of the eigenvalues A of J(P*) satisfy arg(\) > <r.

2
Denote
aq (05} as 0

1 ap a9 as
2@1 Q9 0 0
3 2a; ay O
0 0 3 2a; as
= 18ayaza3 + (ayas)? — dazal — 4a3 — 27a?.

D(f) =~

o W o

Using the results of [23], we have the following proposition.

Proposition 4.2. Suppose Ry > 1.

(1) If D(f) > 0, then the endemic equilibrium P* is locally asymptotically stable
iff Routh-Hurwitz conditions are satisfied, i.e. ajas > as.

(2) If D(f) <0, a2 > 0 and 3 < o < 2, then the endemic equilibrium P* is
locally asymptotically stable.

(3)If D(f) <0, as >0, ajaz = az and 0 < o < 1, then the endemic equilibrium
P* is locally asymptotically stable.

5. Numerical methods and simulations

According to the Adams predictor-corrector scheme shown in [24, 25], the numerical
solution of the initial value problem for system (2.2) will be yielded as below.
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Fig.1: Time evolution of population of S(t), E(t), I(t) when
A =10, 8 =5/750, = 1/75, p = 0.0025, k = 0.0003, d = 0.08 for o = 0.85,0.9,0.95, 1.
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Set h = L, t, =nh,n=0,1,2,---,N € Z", the system (2.2) can be discretized
as follows:

Sp1 =5+ F(ZiQ) (A— 655+1 £+1 NSngl + SZH)

B =E°+ F(Z+2) (1= p)BSh Ly — (k+ ) Ey oy + Efl, (6)
Ly =1+ 1"( ) pBS, L+ REL L — (d+p) I+ 1],

where .
Shir =5+ fy Z Bin+1(A = BS;I; — nS;),
Engy = E°+ {5 Zﬁj wii (1= p)BS; 1 = (k + p) By,
o =1+ Z Bint1lpBSi1; + kE; — (d+ p) 1],
§=0
Sn1 = Zn:%‘ ni1(A = BS;1; — pS;),
Bl = Z Yimia[(1 = p)BS;I; — (k + p)Ej],
L= Z% w1 lpBS;I; + KE; — (d + p) 1]
=0
and "

Bjnt1 = ((” —j=1D%=(n—j)"),

n®tt — (n — a)(n+ 1), j=0,
YVinpr =14 (n—7+2)*T +(n—j)* =2n—j+1)*t, 0<j<n,
1, j=n+1.

For the numerical simulations for system (2.2), using the above-mentioned
method is appropriate. For the parameters A = 10, 5 = 5/750, u = 1/75, p =
0.0025, £ = 0.0003, d = 0.08, we obtain Ry = 1.309814879. Furthermore, a; =
0.1148875317, ay = 0.001740842644, a3 = 0.000005256296269, aas — a3 =
0.0001947448181 and D(f) = 0.1046724848 x 10~". System (2.2) exists a positive
equilibrium E*(572.5999998, 173.0625919, 0.6196297597) and it is locally asymp-
totically stable. The approximate solutions are displayed in Fig. 1 for the step size
0.005 and « = 0.85,0.9,0.95, 1. The initial conditions are S(0) = 600, E(0) = 20,
I(0) = 1.

6. Conclusions

In this paper, we study a fractional-order tuberculosis model with fast and slow pro-
gression. We have obtained a stability condition for equilibrium points. Numerical
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solutions of this model are given. One should note that although the equilibrium
points are the same for both integer order and fractional order models, the solution
of the fractional order model tends to the fixed point over a longer period of time.
One also needs to mention that when dealing with real life problems, the order of
the system can be determined by using the collected data.

References

1]

2]

[11]

[12]

Mohsena A.A. and Kasim H. The effect of external source of disease on the
epidemic model Int. J. Adv. Appl. Math. and Mech. 2015, 2(4), pp.53—63

Zhou X.Y. and Sun Q. Stability analysis of a fractional-order HBV infection
model Int. J. Adv. Appl. Math. and Mech. 2014, 2(2), pp.1-6

Konstantinos A. Testing for tuberculosis Australian Prescriber 2010, 33(1),
pp- 1218

Waaler H., Geser A. and Andersen S. The use of mathematical models in the
study of the epidemiology of tuberculosis American Journal of Public Health
1962, 52, pp. 1002-1013

Castillo-Chavez C. and Feng Z.L. To treat or not to treat: the case of tubercu-
losis Journal of Mathematical Biology 1997, 35, pp. 629 —656

Rodrigues P., Gomes M.G., and Rebelo C. Drug resistance in tuberculosis — a
reinfection model Theoretical Population Biology 2007, 71, pp. 196 —212

McCluskey C.C. Lyapunov functions for tuberculosis models with fast and slow
progression Mathematical Biosciences and Engineering 2006, 3, pp. 603 —-614

Dye C., Garnett G.P., Sleeman K. and Williams B.G. Prospects for worldwide
tuberculosis control under the WHO DOTS strategy Lancet 1998, 352(9144),
pp. 1886 - 1891

Zhou Y.C., Khan K., Feng Z.L.. and Wu J.H. Projection of tuberculosis inci-
dence with increasing immaigration trends Journal of Theoretical Biology 2008,
254, pp.215-228

Liu L.J., Zhao X.Q. and Zhou Y.C. A tuberculosis model with seasonality Bul-
letin of Mathematical Biology 2010, 72, pp. 931 —-952

Ziv E., Daley C.L. and Blower S. Potential public health impact of new tuber-
culosis vaccines Emerging Infectious Diseases 2004 10(9), pp. 1529—1535

Bhunu C.P., Garira W., Mukandavire Z. and Zimba M. Tuberculosis trans-
mission model with chemoprophylaxis and treatment Bulletin of Mathematical
Biology 2008, 70, pp. 11631191



10

Xueyong Zhou et al

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

[21]

[22]

23]

[24]

[25]

Mlay G.M., Luboobi L., Kuznetsov D. and Shahada F. Optimal treatment and
vaccination control strategies for the dynamics of pulmonary tuberculosis Int.
J. Adv. Appl. Math. and Mech. 2015, 3, pp. 196—-207

Li C. and Peng G. Chaos in Chen’s system with a fractional order Chaos
Solitons & Fractals 2004, 22, pp. 443 —450

Ahmed E., El-Sayed A.M.A. and El-Saka H.A.A. Equilibrium points, stability
and numerical solutions of fractional order predator-prey and rabies models
Journal of Mathematical Analysis and Applications 2007, 325, pp. 542 —553

Skwara U., Martins J., Ghaffari P., Aguiar M., Boto J., Stollenwerk N. Frac-
tional calculus and superdiffusion in epidemiology: shift of critical thresholds
In: Proceedings of the 12th International Conference on Computational and
Mathematical Methods in Science and Engineering, La Manga (2012)

Area 1., Batarfi H., Losada J., Nieto J.J., Shammakh W. and Torres A. On a
fractional order ebola epidemic model Advances in Difference Equations 2015,
2015:278

Du M., Wang Z. and Hu H. Measuring memory with the order of fractional
derivative Sci. Rep. 3, 3431 (2013)

Podlubny I. Fractional Differential Equations Academic Press, New York, 1999

Blower S.M., McLean A.R., Porco T.C., Small P.M., Hopewell P.C., Sanchez
M.A. and Moss A.R. The intrinsic transmission dynamics of tuberculosis epi-
demics Nature Medicine 1995, 1, pp. 815821

Odibat Z.M. and Shawagfeh N.T. Generalized Taylor’s formula Applied Math-
ematics and Computation 2007, 186, pp. 286—293

Lin W. Global existence theory and chaos control of fractional differenial equa-
tions Journal of Mathematical Analysis and Applications 2007, 332, pp. 709 —
726

Ahmed E.,; El-Sayed A.M.A. and El-Saka H.A.A. On some Routh-Hurwitz
conditions for fractional order differential equations and their applications in
Lorenz, Rossler, Chua and Chen systems Physics Letters A 2006, 358(1),

pp.1-4
Diethelm K. Ford N.J. and Freed A.D. A predictor-corrector approach for

the numerical solution of fractional differential equations Nonlinear Dynamics
2002, 29, pp.3—22

Diethelm K., Ford N.J. and Freed A.D. Detailed error analysis for a fractional
Adams method Numerical Algorithms 2004, 36, pp. 31—52



	Introduction
	Model derivation
	Non-negative solutions
	Equilibria and their asymptotical stability
	Numerical methods and simulations
	Conclusions

